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Probability Distributions in Data Sciences

Probability distributions and histograms
— 1mages, vision, graphics and machine learning,...s. .

WIN GREATmm

WORLDmE

DOUBLECOUNTRY

J>
ﬁ




Probability Distributions in Data Sciences

Probability distributions and histograms
— 1mages, vision, graphics and machine learning,...s .
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Probability Distributions in Data Sciences

Probability distributions and histograms
— images, vision, graphics and machine learning,..s .

Unsupervised learning i
Ob . . dif. 1 n 5 &9 ¢ ®
servations: = =) . O, o,
Parametric model: 0 — oy <D ...... > ‘.
o
Density fitting: me;m D(ay, B) .”

— takes into account a metric d. O



Overview

e Monge Formulation
e Continuous Optimal Transport
e Kantorovitch Formulation

e Applications



Fom bakeries to cafés
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From best to worst
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Combinatorial Search

Cost (Cz’,j)?,j:1 c Rnxn

Permutations:
anéf-{ai{1,...,n}%{17”.7n}} - B
<N 4 .

Monge’s problem:

c n
min Y e
min S 6o




Combinatorial Search

Permutations

oo {1, .0t —={1,...,n}} Y

A N A X 7 A

Monge’s problem:
min Zz_ Cio (i)

ocEX,

n! n n!

1 9 362880
1 10 3628800
2 11 39916800

12 | 479001600

120
720

5040 - .
40 320 70 | 1,198x10100

25 | 1,551x1025
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Gaspard Monge (1746-1818)

REPUBLIQUE FRANCAISE

il o dh i fa B S 66 &6 5 6 & 6 & & & & & &s

(1784)
MEMOIRE

SJUR LA

THEORIE DES DEBLAIS
ET DES REMBLAILJ.

\"‘
Par M. MONGE.

LORSQU'ON doit teanfporter des terres d'un lieu dans un
autre, on a coutume de donner le nom de Deblai au
volume des terres que 'on doit tranfporter, & le nom de
Remblui i Vefpace qu'elles doivent occuper aprés le tranfport.

Le prix du tranfport d'une molécule étant, toutes chofes
d'ailfeurs égales, progortionnel 4 fon poids & i V'efpace®u'on
Jui fait parcourir, & par conféquent le prix du tranlport total
devant éwre proportionnel i 1a lomme des produits des molé-
cules multipliées chacune par V'elpace parcouru , il senluit
que le déblai & le remblai étant donnés de figure & de
pofition, il n'eft pas indifiérent que telle molécule du déblai
foit tranfportée dans tel ou tel autre endroit du remblai,
mais qu'il y a une certaine diftribution i faire des molécules
du premier dans le fecond, d'aprés laquelle la fomme de ces
produits fera la moindre poffible, & le prix du tan(port total
feva un mimimuns. '

- - ~ v

Mem . de (Ae. R. des S An . 1701 Lage. 7og. PL. XVIL

leg. 1




1-D Optimal Transport

min E Ti — Yo (i
— ses, - 1‘ 0 o (1)




1-D Optimal Transport
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10
11
12
25

70

1-D Optimal Transport

min Z‘jS_ya(i)‘pa p=1

Sorting algorithms: insertion n(n — 1)/2 worst case.

n! n(n-1)/2 n log(n)
3628800 45 23
39916800 55 26
479001600 66 30

1,551x1025 300 80

1,198X10100 21415 297

QuickSort: O(nlog(n)).
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Grayscale Histogram Equalization




Grayscale Histogram Equalization




Application: Grayscale Histogram Equalization

4\

[~,I] = sort(f(:)); :
£(I) = linspace(0,1,length(£(:))); flargsort(f.flatten())] = np.linspace(0,1,n*n)
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Proposition: two segments never cross.
:,U . x . Qj . . ﬁ(/m: o (e R. dec S An. 1705 Page. op. PL. XVILL
Z.v ) ~® / 1.4— —> @ J .
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In 3-D: Color Image Palette Equalization
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Overview

e Monge Formulation
e Continuous Optimal Transport
e Kantorovitch Formulation

e Applications



Probability Measures

Positive Radon measure o on a metric space X.

da(x) = po(r)dx =), a0,
.S ! H X .H X .o“o.o
e . °J
1, [+, ®@ h

Discrete d =1 Discrete d =2 Density d =1

Density d = 2



Probability Measures

Positive Radon measure o on a metric space X.
da(x) = po(x)dx =) a0,

s LI, 5 @
>L|f Lo 1 ‘-‘.'-'0 h

Discrete d =1 Discrete d =2 Density d =1 Density d = 2

Measure of sets A C X: a(A) = [, da(x) > 0

Integration against continuous functions: [, g(z)da(z) > 0

da(z) = po(x)de > Jygda= [, po(z)dw
a=>".a;0,, v Jygda =3 a;9(z;)

Probability (normalized) measure: a(X) = [, da(z) =1




Push Forward

Map: 1T : X — )Y T
X
Push-forward: /’/.‘ y
0p —> 5T(:1:) kt ".+.
j (1) 5\‘ ®
Z@’ ai(sa:i — Z@ aiéT(xi) TﬁOé

T
General case:

(Ty0)(E) = o(T~H(E))

Change of variables:

B=Tio — [,9)dB(y) = [, 9(T(x))da(z)

Densities 9% = pa.: pa(z) = [det(0T'(2))|ps(T(2))



Continuous Monge’s Problem

in /X cla, T(x))da(z)

B=Ty



Continuous Monge’s Problem

X
inf C :EaT z))do(x
5=m/X( ()da(z)

R

l 5

Discrete case:

- ) | n Tz, — Yo (i)

o = Zi=1 5331 O%l%]r}z . Ci,a(i) C. . — C(ZU' y)
b= Zj:l 5%‘ = ’ B

Non-symmetry, non-ezxistence, non-uniqueness:

f‘//’é R

A A A A
——— e -
@D

L
Q
e



Brenier’s Theorem

Hypotheses:

min
B=Ty

c(z,y) = |z —y|’

3—‘;‘ = p, density.

/X c(z, T(z))da(z)

T\
\T

J




Brenier’s Theorem

c(z,y) = |z —y|’

3—‘;‘ = p, density.

min /X o(z, T(x))da(x)

B=Ty

Hypotheses:

Theorem: |Brenier, 1991]

There exists a unique Monge map 1.
It is the unique 7" = Vo such that

p is convex and (Vp)ya = .




Brenier’s Theorem

c(z,y) = |z —y|’

3—‘;‘ = p, density.

min /X o(z, T(x))da(x)

B=Ty

Hypotheses:

Theorem: |Brenier, 1991]

There exists a unique Monge map 1.
It is the unique 7" = Vo such that

p is convex and (Vp)ya = . ?&%tr

— Monge-Ampere equation (non-linear, degenerate elliptic).

po () = | det(0%p(2))|ps(T(x))  s.t. ¢ convex.



Regularity Theory

— Regularity of 1" requires convex target.




Regularity Theory

— Regularity of 1" requires convex target.




1-D Optimal Transport

Cumulative function: Co () = ffoo do

Cumulative function: Cot 1 oo — Uo 1
Quantile function: Cﬁ_lﬂ U 0

Optimal transport o +— (3: T = 05—1 o C,

C—l

87




1-D Optimal Transport

Cumulative function: Co () = ffoo do

Cumulative function: Cot 1 oo — Uo 1
Quantile function: Cﬁ_lﬂ U 0

Optimal transport o +— (3: T = 05—1 o C,

C—l

87




Cumulative function:

Ca

Wasserstein distance: W, (a, 5)P = fol ICoL(t) — Cﬁ_l(t)|pdt
Wi(a, B) = |la = Blw, = Jg [Ca(2) — Cs(z)|dx
Kramer (Sobolev) norm: |o — B3 = fol Co(t) — Ca(t)|?dt

Kolmogorov-Smirnov norm: | — 8| xs = sup,, |Co(x) — Cs(z)|

Area under the curve: AUC(a, ) =1 — fol Co 0Cs ()



Cumulative function:

Ca

Wasserstein distance: W, (a, 5)P = fol ICoL(t) — Cﬁ_l(t)|pdt
Wi(a, B) = |la = Blw, = Jg [Ca(2) — Cs(z)|dx
Kramer (Sobolev) norm: |o — B3 = fol Co(t) — Ca(t)|?dt

Kolmogorov-Smirnov norm: | — 8| xs = sup,, |Co(x) — Cs(z)|

Area under the curve: AUC(a, ) =1 — fol Co 0Cs ()



1-D Optimal Transport Interpolation

Cumulative function: Co(z) = [ da

Optimal transport interpolation o < oy

Vie0,1],C =1 —t)Ct +tC,]




1-D Optimal Transport Interpolation

Cumulative function: Co(z) = [ da

Optimal transport interpolation o < oy

Vie0,1],C =1 —t)Ct +tC,]




OT Between 1D Gaussians

T =V » 1S convex.

Brenier




OT Between Gaussians

dov 1 B ”m_mo‘”;gl . 2’LL2
&~ st \\\\.\\\\ @
Yo = U, diag(c,)U,. B e /%
T(xz) = A(z —ma) +mg Proposition: A€ &Y
A=saiy/sizsniv. A¥o A =Yg
Brenier

— T =0T



OT Between Gaussians

do 1 B ”m_mo‘”;gl — O'Q’LLQ /
dz — (27r)d/2’Za\€ \\\\o'\\\\ @
_ . T

Yo = U, diag(c,)U, = 01U1
T(x) = A(x —my) +mg Proposition: A€ Sﬁ
AZZ;%\/Z(%ZBZC%Z;% AE&A:Eﬁ
5 B . Brenier

Wi(a, B) = |ma —mg|® + B(Xa, %) — T =0T

Bures distance: B(Xa,Y5)? = tr

(Ba+ 36 - 2\/2(%2523)



OT Between Gaussians

do 1 B ”m_mo‘”;gl — O'Q’LLQ /

e — é 2 -~

de  (2m)%/2|%,] \\\\TT.L'\\ \\ @

L . T a*”'

Yo = U, diag(o,)U, = 01U1
T(x) = A(x —my) +mg Proposition: A€ Sﬁ
AZZ;%\/Z(%ZBZC%Z;% AEQA:Eﬁ
5 B . Brenier

Wi(a, 8) = [ma — mg|” + B(Xa, Xp) —  T=0T

Bures distance: B(X,,Y5)? = tr (Z + g — 2\/2 252

If $,5 = Y55, \5
/ ////

B(Xa,28)* = VS0 — V28] /



Interpolation Between Gaussians

Optimal transport map Tya = 3. — (Z 2U2 /I\
T(x) = A(x — mqy) +mg \\\%J\\\\ | @
l L Q‘/’? A
A=3." (izemd) wa o111

def

Displacement interpolation: o« = ((1 —¢)Id + tT")yax = N (my, X4)
=(1—t)ma +tmg X, =[(1 —t)Id +tA]X,[(1 — t)Id + tA]




Interpolation Between Gaussians

Optimal transport map Tya = 3. — (Z 2U2 /I\
T(x) = A(x — mqy) +mg \\\%J\\\\ | @
l L Q‘/’? A
A=3." (izemd) wa o111

def

Displacement interpolation: o« = ((1 —¢)Id + tT")yax = N (my, X4)
=(1—t)ma +tmg X, =[(1 —t)Id +tA]X,[(1 — t)Id + tA]
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e Monge Formulation
e Continuous Optimal Transport
e Kantorovitch Formulation

e Applications



eonid Kantorovich (1912-1986)

JleoHng ButanbeBud KaHTOpoBUY

oot s v s oms | Kantorovich 1942]

ON THE TRANSLOCATION OF MASSES
L. V. Kantorovich”

The original paper was published in Dokl. Akad. Nauk SSSR, 37, No. 7-8, 227-229 (1942).

We assume that R is a compact metric space, though some of the definitions and results given below can be
formulated for more general spaces.

Let ®(c) be a mass distribution, i.c., a set function such that: (1) it is defined for Borel scts, (2) it is
nonnegative: ®(e) > 0, (3) it is absolutely additive: ife — ey +ea+---; &;Nex — 0 (i # k), then B(e) — B(er) +
®(ey) + - -. Let (') be another mass distribution such that ®(R) = #(R). By definition, a translocation of
masses is a function ¥(e, €') defined for pairs of (B)-sets e,e’ € R such that: (1) it is nonnegative and absolutely
additive with respect to each of its arguments, (2) W(e, ) = @(e), W(R,e') = /().

Let r(z, y) be a known continuous nonnegative function representing the work required to move a unit mass
from x to y.

We define the work required for the translocation of two given mass distributions as

W, @, @) — //r(z.z’]\Il(de.de’] = lim 3" vl )Wl €f),
£ Gk
where ¢; are digjoint and 37 e, = R, ¢ are disjoint and 37" e} = R, x; € e, x}, € e}, and A is the largest of
the numbers diame; (i = 1,2,...,n) and diamej, (k=1,2,...,m).
Clearly, this integral does exist.
We call the quantity
W(®,8) = inf W(¥,8,9)

the minimal translocation work. Since the set of all functions {¥} is compact, there exists a function Wy realizing
this minimun, so that
W(2, ) = W(¥, .0,




Kantorovitch’s Formulation

Input distributions

a =380, fB= Z?ll b;o

Points ( ) (% (yj)
Weights a; > 0, b; > 0.

>
Zz 1a7/ 2”7’2 b] —




Kantorovitch’s Formulation

Input distributions

O = Z?:l a0y, L= z;n:1 b;o

Points ( ) (% (yj)
Weights a; > 0, b; > 0.

Z?:lai22?1b321

a
o
Couplings: o
. ;
U(a,b) = {P eR}Y™; P1,, =a,P'1, =b} O @




Kantorovitch’s Formulation

Input distributions

o = 2?21 a0y, = Z;n:l b;o

Points (2;)i, (y;);
Weights a; > 0, b; > 0.

2?213%':23 by =1

Couplings:
U(a,b) = {P e RY*™; P1,,=a,P'1, =b} @

' Kantorovich 1942)]
min {3, ; C;,;Pi; ; P € U(a,b)]




Kantorovitch’s Formulation

Input distributions

o = 2?21 a0y, = Z;n:l b;o

Points (2;)i, (y;);
Weights a; > 0, b; > 0.

2?213%':23 by =1

Couplings:
U(a,b) = {P e RY*™; P1,,=a,P'1, =b} @

' Kantorovich 1942)]
min {3, ; C;,;Pi; ; P € U(a,b)]

— Linear program, simplex O(n?log(n)).



Kantorovitch’s Exact Relaxation

Q= 2?21 Oz, b= Z?:l 5yj

Monge (1784):

min E Ci o)
ocePerm,, “



Kantorovitch’s Exact Relaxation

Q= 2?21 Oz, b= 2?21 5yj

. . [ ° L] Ld
o, vl A‘SZ»“'.y. Permutations “C” Bi-stochastic matrices:
~~~~~ v
i TNl Bist, = {PeR?*"; P1=1,PT1 =1
.4. ------------------- ’. .‘.... ].S { 6 - 9 - }
o4 V. .'A.“

\
e

Monge (1784):

. Z Ci o)

oc€cePerm,,

Kantorovitch (1942):

&
il
min ; ; P,JC,]

\\/ (relaxation)

PeBist,, “
1=1 9= 1



Kantorovitch’s Exact Relaxation

Q= 2?21 Oz, b= 2?21 5yj

. . [ ° L] Ld
o, vl A‘SZ»“'.y. Permutations “C” Bi-stochastic matrices:
~~~~~ v
i TNl Bist, = {PeR?*"; P1=1,PT1 =1
.4. ------------------- ’. .‘.... ].S { 6 - 9 - }
o4 V. .'A.“

Monge (1784):

, Z CZ J(Z

occPerm,, * 73— j= 1

\

n! permutations O(n?) algorithm

Kantorovitch (1942):

..%’l‘
min ; ; P; Ci
P eBist, ’

\\/ (relaxation)




Kantorovitch’s Exact Relaxation

Q= 2?21 Oz, b= Z?:l 5yj

o, v Li %7 Permutations “C” Bi-stochastic matrices:
..... A o'osv® Y def.
P e I Bist, = {P e R*"; P1=1,PT1 =1}
04D .v..‘ ....... re
ag R
=
2
AR Monge (1784): ; Kantorovitch (1942):
min ZC > min S‘S‘PJCJ
c&Perm,, *“ t,o (1) - PeBisty 1=1 9=1
n! permutations O(n?) algorithm

. /@ Theorem: |Birkhoff-von Neumann|

T “Monge < Kantorovitch”




Optimal Transport Distances

.o.ob




Optimal Transport Distances

@ o . ob
P
‘ T = Z’L,] Pi7j5xiayj

a
@
o
o Qe c(z,y) = d(z,y)?

Wl 0y win [ dewyrdn(e) s m=am = 5]

reMi (x2)
Theorem: W, is a distance and «,, = 8 & W,(a,,5) =0

VfelClX
Weak* (aka in law) convergence: o,, — 8 < [ fdof €_>(f )]Z’dﬁ
X n X

5, L

10, — dz]1 = VS. W, (0z, ,0,) = d(xn,x)




A Glimpse at Algorithms

84

I
\ ,;_;\ N '\‘ l | 7 '
N N\ : o —

Linear programming: O(n®log(n)?)




Hungarian/Auction:  O(n°)

_ 1 n 1
b = n ZiZl 5531 5 — N 2?21 5yj




A Glimpse at Algorithms

Linear programming: O(n®log(n)?)

Hungarian/Auction:  O(n°)

_ 1 n _ 1 n
9= Zizl 5% 5 — N Zj:l 5%‘

1-D case: sorting O(nlog(n)).



Hungarian/Auction:  O(n°)

1 n 1 n
Q= n Zizl 5%' 6 — n Zj:l 5’3!3’

1-D case: sorting O(nlog(n)).

p=1 :
Wila, ) = min w(x)||dx
d = ” , H 1( 6) div(u):a—Bf ” ( )”

— min-cost flow, on graphs O(n?log(n)).



A Glimpse at Algorlthms

Linear programming: O(n®log(n)?)

Hungarian/Auction: O(»n°)

1 n 1 n
Q= n Zizl 5%' 5 — n Zj:l 5%

1-D case: sorting O(nlog(n)).

p=1
Q, min u(x)|dx
a=1-1 MOS0, 1

— min-cost flow, on graphs O(n?log(n)).

Monge-Ampere/Benamou-Brenier, d = | - 3.



A Glimpse at Algorlthms

Linear programming: O(n®log(n)?)

Hungarian/Auction: O(n°)

1 n 1 n
Q= n Zizl 5%' 5 — n Zj:l 5313

1-D case: sorting O(nlog(n)).

p=1

Q, min u(x)|dx
a=1-1 MOS0, 1
— min-cost flow, on graphs O(n?log(n)).
Monge-Ampere/Benamou-Brenier, d = | - 3.
Semi-discrete: Laguerre cells, d = | - |3.

[Merigot 2013]



Hungarian/Auction: O(n°)

1 n 1 n
Q= n Zizl 5%' 5 — n Zj:l 5313'

1-D case: sorting O(nlog(n)).
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d = ” , H 1( 6) div(u):a—ﬁf ” ( )”
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Semi-discrete: Laguerre cells, d = | - |3.
[Merigot 2013]

Entropic regularization: generic d.



Overview

e Monge Formulation
e Continuous Optimal Transport
e Kantorovitch Formulation

e Applications
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Examples
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[Solomon et al, SIGGRAPH 2015]
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MRI Data Procesing [with A. Gramfort]

Ground cost ¢ = dj: geodesic on cortical surface M.

L? barycenter

W3 barycenter



Generalizations: Gradient Flows

Implicit stepping: i1, = argmin Wg(at, a) + 7f(a)

@7
Limit 7 — O: 8& = div(aV(f




Gradient Flows Simulation
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https://www.youtube.com/watch?v=tDQOw21ntR64
Tim Whittaker (New Zealand)
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Bag of Words

Document Dy

Obama
speaks
to the
media
1n
Illinois

4\

A (Y
reets
Obama 'A/g"
.N‘. speaks
president
Chicago _
.; media
.H‘
Illinois press

B

Document Do

The

president
greets
the
press
in
Chicago

word2vec embedding [Mikolov et al. 2013]

Word mover’s distance: [Kusner et al 2015

Dist(D1, Ds) = Wa(e, )



Density Fitting and Generative Models

. def.
Observations: § = LY " 0y,

Parametric model: 0 — ay



Density Fitting and Generative Models
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Density fitting: dag(x) = pg(x)dx
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Density Fitting and Generative Models

Ob def. 1 xn X o o[

servations: B ="~ ) .~ 0z, ve® T
/ '6’ | PR "y ® S .'

Parametric model: 0 — oy * o o

Density fitting: dag(x) = pg(x)dx

Maximum
min KL(ag|8) = Zlog Po()) " Jikelihood (MLE)

Generative model fit: oy = gg 3¢

KL (0s|8) = +00 N
— Need a weaker metric.
min ngp(&g, B) = X %o S .;.0.5

0



Deep Discriminative vs Generative Models

, de(z) = p(Ex (... p(&2(p(&a(z) .. .)
Deep networks: < (2) = p(0k (... p(Ba(p(61(2) . ..
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Deep networks:




Examples of Images Generation
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— Need to learn the metric d(z,y) = |he(x) — he(y)| (GANS)

— Performance evaluation of generative models is an open problem.
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Conclusion: Toward High-dimensional OT

Monge Kantorovich Dantzig Brenier Otto McCann Villani Figalli
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