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Optimal transport framework Sliced Wasserstein projection Applications

Application to Color Transfer

Source image (X )

Style image (Y )

Sliced Wasserstein projection of X to style
image color statistics Y

Source image after color transfer

J. Rabin Wasserstein Regularization

! images, vision, graphics and machine learning, . . .
Probability distributions and histograms

<latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit>
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<latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit>

Parametric model: ✓ 7! ↵✓
<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit>

Unsupervised learning
<latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit>
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�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>↵✓

<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>
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<latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit><latexit sha1_base64="NHBrzuHY/DIiTVSeYz9st2EbBcI="></latexit>

min
✓

D(↵✓,�)
<latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit>

Density fitting:
<latexit sha1_base64="ulCUACOhTCX5a4s1cPqdMYjWUUA="></latexit><latexit sha1_base64="ulCUACOhTCX5a4s1cPqdMYjWUUA="></latexit><latexit sha1_base64="ulCUACOhTCX5a4s1cPqdMYjWUUA="></latexit><latexit sha1_base64="ulCUACOhTCX5a4s1cPqdMYjWUUA="></latexit>

Parametric model: ✓ 7! ↵✓
<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit>
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<latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit>
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�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>↵✓

<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

D<latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit><latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit><latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit><latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit>



Overview

•Monge Formulation 

•Continuous Optimal Transport 

•Kantorovitch Formulation 

•Applications



Fom bakeries to cafés

cij y1 y2 y3 y4 y5 y6
x1 12 10 31 27 10 30

x2 22 7 25 15 11 14

x3 19 7 19 10 15 15

x4 10 6 21 19 14 24

x5 15 23 14 24 31 34

x6 35 26 16 9 34 15
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Fom bakeries to cafés

Cout: 10+7+15+10+14+9 = 65 min
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x4 10 6 21 19 14 24

x5 15 23 14 24 31 34

x6 35 26 16 9 34 15

cij y1 y2 y3 y4 y5 y6
x1 12 10 31 27 10 30

x2 22 7 25 15 11 14

x3 19 7 19 10 15 15

x4 10 6 21 19 14 24

x5 15 23 14 24 31 34

x6 35 26 16 9 34 15



From best to worst

Coût=64 Coût=65

Coût=66 Coût=152



Combinatorial Search

Monge’s problem:
<latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit>

min
�2⌃n

Pn
i=1 ci,�(i)

<latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit>

Cost (ci,j)ni,j=1 2 Rn⇥n
<latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg="></latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg="></latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg="></latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg=">AABCJ3ictVxLcxu5EYY3r7Xz8ibHXCaRnbJTXkdStiqp2tqqlSlZ1lq2aZOSvbu0VRxyRI895NAzpPzg8gflV+QH5JBbKjnmlpxSuSaXdDeAAYbETGMUxyhJGBBfd6MHaHQ3QIfTJM5nm5t/vfDBt779ne9+78OLl77/gx/+6MeXP/rJcZ7Os0F0NEiTNHsS9vMoiSfR0SyeJdGTaRb1x2ESPQ5ftvDzx2dRlsfppDt7O42ejv </latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg=">AABCJ3ictVxLcxu5EYY3r7Xz8ibHXCaRnbJTXkdStiqp2tqqlSlZ1lq2aZOSvbu0VRxyRI895NAzpPzg8gflV+QH5JBbKjnmlpxSuSaXdDeAAYbETGMUxyhJGBBfd6MHaHQ3QIfTJM5nm5t/vfDBt779ne9+78OLl77/gx/+6MeXP/rJcZ7Os0F0NEiTNHsS9vMoiSfR0SyeJdGTaRb1x2ESPQ5ftvDzx2dRlsfppDt7O42ejv </latexit>

i
<latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit>

j
<latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit>

ci,j<latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit>

Permutations:
<latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw="></latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw="></latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw="></latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw=">AABBzXictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWuuRZuU7N2l7eJlRNMecmgOKV9o5TWfkNfkS/Id+YPkKb+QvgADDImZxiiOUZIwIE53owdodDdA96bJKJtvbv7z0gff+e73vv+DDy9f+eGPfvyTn1796GcnWbqY9ePjfpqks0e9bhYno0l8PB/Nk/jRdBZ3x70kfth7sYufPzyLZ9konbTnb6bx43F3OB </latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw=">AABBzXictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWuuRZuU7N2l7eJlRNMecmgOKV9o5TWfkNfkS/Id+YPkKb+QvgADDImZxiiOUZIwIE53owdodDdA96bJKJtvbv7z0gff+e73vv+DDy9f+eGPfvyTn1796GcnWbqY9ePjfpqks0e9bhYno0l8PB/Nk/jRdBZ3x70kfth7sYufPzyLZ9konbTnb6bx43F3OB </latexit>

⌃n
def.
= {� : {1, . . . , n} ! {1, . . . , n}}

<latexit sha1_base64="JRB1Cjf0fFHa2LsCEypL97H9wxc="></latexit><latexit sha1_base64="JRB1Cjf0fFHa2LsCEypL97H9wxc="></latexit><latexit sha1_base64="JRB1Cjf0fFHa2LsCEypL97H9wxc="></latexit><latexit sha1_base64="JRB1Cjf0fFHa2LsCEypL97H9wxc="></latexit><latexit sha1_base64="JRB1Cjf0fFHa2LsCEypL97H9wxc="></latexit>



Combinatorial Search

n n !
0 1
1 1
2 2
3 6
4 24
5 120
6 720
7 5 040
8 40 320

n n !
9 362880

10 3628800
11 39916800
12 479001600
… …
25 1,551x1025

… …
70 1,198x10100

Atoms in the universe: 1079
<latexit sha1_base64="vdJqxM7ekgKL9j16SoToRrNKVf4="></latexit><latexit sha1_base64="vdJqxM7ekgKL9j16SoToRrNKVf4="></latexit><latexit sha1_base64="vdJqxM7ekgKL9j16SoToRrNKVf4="></latexit><latexit sha1_base64="vdJqxM7ekgKL9j16SoToRrNKVf4="></latexit><latexit sha1_base64="vdJqxM7ekgKL9j16SoToRrNKVf4="></latexit>

Neurons in the brain: 1011.
<latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="pIDUDPnJf+qDaPbkuaqfGqiqigI="></latexit><latexit sha1_base64="KXdITzGj9HJHcl1HdDrk6BrTBEA="></latexit><latexit sha1_base64="KXdITzGj9HJHcl1HdDrk6BrTBEA="></latexit><latexit sha1_base64="qikonIjzjGzEYIkij32xTxV5Hdw="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit><latexit sha1_base64="BMXiGZbSdyW7EGySRx4QG96fA5w="></latexit>

Monge’s problem:
<latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit><latexit sha1_base64="moOTTFH1ZhSL0jeHC+A3a8JRR18="></latexit>

min
�2⌃n

Pn
i=1 ci,�(i)

<latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit><latexit sha1_base64="XUudlYra2ooXeHcLCo/hamJjbNo="></latexit>

Cost (ci,j)ni,j=1 2 Rn⇥n
<latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg="></latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg="></latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg="></latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg=">AABCJ3ictVxLcxu5EYY3r7Xz8ibHXCaRnbJTXkdStiqp2tqqlSlZ1lq2aZOSvbu0VRxyRI895NAzpPzg8gflV+QH5JBbKjnmlpxSuSaXdDeAAYbETGMUxyhJGBBfd6MHaHQ3QIfTJM5nm5t/vfDBt779ne9+78OLl77/gx/+6MeXP/rJcZ7Os0F0NEiTNHsS9vMoiSfR0SyeJdGTaRb1x2ESPQ5ftvDzx2dRlsfppDt7O42ejv </latexit><latexit sha1_base64="thcVLe8+VbtQ1j6L+GfVIruzbdg=">AABCJ3ictVxLcxu5EYY3r7Xz8ibHXCaRnbJTXkdStiqp2tqqlSlZ1lq2aZOSvbu0VRxyRI895NAzpPzg8gflV+QH5JBbKjnmlpxSuSaXdDeAAYbETGMUxyhJGBBfd6MHaHQ3QIfTJM5nm5t/vfDBt779ne9+78OLl77/gx/+6MeXP/rJcZ7Os0F0NEiTNHsS9vMoiSfR0SyeJdGTaRb1x2ESPQ5ftvDzx2dRlsfppDt7O42ejv </latexit>

i
<latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit><latexit sha1_base64="Ik51p7ge5z0GVA3pmc0Sfv179yY="></latexit>

j
<latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit><latexit sha1_base64="tOFETP86SxTvlHjqtWM+YhoybZE="></latexit>

ci,j<latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit><latexit sha1_base64="vdcEYgyH3uxw6XFyasD5PuShSGg="></latexit>

Permutations:
<latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw="></latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw="></latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw="></latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw=">AABBzXictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWuuRZuU7N2l7eJlRNMecmgOKV9o5TWfkNfkS/Id+YPkKb+QvgADDImZxiiOUZIwIE53owdodDdA96bJKJtvbv7z0gff+e73vv+DDy9f+eGPfvyTn1796GcnWbqY9ePjfpqks0e9bhYno0l8PB/Nk/jRdBZ3x70kfth7sYufPzyLZ9konbTnb6bx43F3OB </latexit><latexit sha1_base64="XFqS8msOq3y1ngHEtmV4OY/xiSw=">AABBzXictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWuuRZuU7N2l7eJlRNMecmgOKV9o5TWfkNfkS/Id+YPkKb+QvgADDImZxiiOUZIwIE53owdodDdA96bJKJtvbv7z0gff+e73vv+DDy9f+eGPfvyTn1796GcnWbqY9ePjfpqks0e9bhYno0l8PB/Nk/jRdBZ3x70kfth7sYufPzyLZ9konbTnb6bx43F3OB </latexit>

⌃n
def.
= {� : {1, . . . , n} ! {1, . . . , n}}
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1-D Optimal Transport

x1

x2 x3x4

x5

y1y2 y3
y4 y5

min
�2⌃n

nX

i=1

|xi � y�(i)|p, p > 1
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1-D Optimal Transport

xxx

x1

x2 x3x4

x5

y1y2 y3
y4 y5

n n ! n(n-1)/2 n log(n)
10 3628800 45 23
11 39916800 55 26
12 479001600 66 30
25 1,551x1025 300 80

70 1,198x10100 21415 297

QuickSort: O(n log(n)).
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Sorting algorithms: insertion n(n� 1)/2 worst case.
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1-D OT Interpolation

comparison
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Grayscale Histogram Equalization



f0 f1f 1
2

f 3
4

↵ 1
2

↵ 3
4

↵1↵0 ↵ 1
4

f 1
4

[~,I] = sort(f(:)); 
f(I) = linspace(0,1,length(f(:))); f[argsort(f.flatten())] = np.linspace(0,1,n*n)

Application: Grayscale Histogram Equalization



In 2-D

xi

xj

n = 10 n = 70 n = 300

xi xj

xj0xi0

xi xj

xj0xi0

ci,j = ||xi � yj || =
q
(x1

i � y1j )
2 + (x2

i � y2j )
2

xi, yj 2 R2

Proposition: two segments never cross.
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Optimal transport framework Sliced Wasserstein projection Applications
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J. Rabin Wasserstein Regularization

optimal

In 3-D: Color Image Palette Equalization

Reference
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Overview

•Monge Formulation 

•Continuous Optimal Transport 

•Kantorovitch Formulation 

•Applications



Probability Measures

d↵(x) = ⇢↵(x)dx
2.2. Assignment and Monge Problem 9

Discrete d = 1 Discrete d = 2 Density d = 1 Density d = 2

Figure 2.1: Schematic display of discrete distributions – =
q

n

i=1 ai”xi (red cor-
responds to empirical uniform distribution ai = 1/n, and blue to arbitrary distri-
butions) and densities d–(x) = fl–(x)dx (in violet), in both 1-D and 2-D. Discrete
distributions in 1-D are displayed using vertical segments (with length equal to ai)
and in 2-D using point clouds (radius equal to ai).

is the dimension), can have a density d–(x) = fl–(x)dx w.r.t. the
Lebesgue measure, often denoted fl– = d–

dx
, which means that

’ h œ C(Rd),
⁄

Rd

h(x)d–(x) =
⁄

Rd

h(x)fl–(x)dx.

An arbitrary measure – œ M(X ) (which needs not to have a den-
sity nor be a sum of Diracs) is defined by the fact that it can be
integrated agains any continuous function f œ C(X ) and obtains

X
f(x)d–(x) œ R. If X is not compact, one should also impose

that f has compact support or at least as 0 limit at infinity. Mea-
sure as thus in some sense “less regular” than functions, but more
regular than distributions (which are dual to smooth functions).
For instance, the derivative of a Dirac is not a measure. We de-
note M+(X ) the set of all positive measures on X . The set of
probability measures is denoted M

1
+(X ), which means that any

– œ M
1
+(X ) is positive, and that –(X ) =

s
X

d– = 1. Figure 2.1
o�ers a visualization of the di�erent classes of measures, beyond
histograms, considered in this work.

2.2 Assignment and Monge Problem

Given a cost matrix (Ci,j)iœJnK,jœJmK, assuming n = m, the optimal
assignment problem seeks for a bijection ‡ in the set Perm(n) of per-

↵ =
P

i ai�xi

Positive Radon measure ↵ on a metric space X .
X

=
R

d
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Integration against continuous functions:

Measure of sets A ⇢ X : ↵(A) =
R
A d↵(x) > 0

R
X g(x)d↵(x) > 0

d↵(x) = ⇢↵(x)dx

↵ =
P

i ai�xi

R
X gd↵ =

R
X ⇢↵(x)dxR

X gd↵ =
P

i aig(xi)

Probability (normalized) measure: ↵(X ) =
R
X d↵(x) = 1



Push Forward

↵

T
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also reveal that the network simplex behaves in O(n2) in our con-
text, which is a major gain at the scale at which we typical work,
i.e. thousands of particles. This finding is also useful for applica-
tions that use EMD, where using the network simplex instead of
the transport simplex can bring a significant performance increase.
Our experiments also show that fixed-point precision further speeds
up the computation. We observed that the value of the final trans-
port cost is less accurate because of the limited precision, but that
the particle pairing that produces the actual interpolation scheme
remains unchanged. We used the fixed point method to generate
the results presented in this paper. The results of the performance
study are also of broader interest, as current EMD image retrieval
or color transfer techniques rely on slower solvers [Rubner et al.
2000; Kanters et al. 2003; Morovic and Sun 2003].
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Figure 6: Log-log plot of the running times of different solvers.
The network simplex behaves as a O(n2) algorithm in practice
whereas the transport simplex runs in O(n3).

5 Results

In this section, we discuss specific applications and their associated
details such as the choice of ground distance. We first present appli-
cations that handle continuous data, BRDFs and value functions of
animation controllers. We then apply our method to discrete prob-
lems such as stipple rendering. Further results are also shown in the
video that accompanies this paper.

5.1 Synthetic Data

Synthetic 1D examples are shown in Figure 5 as well as in the
video that accompanies the paper. The synthetic 2D datasets shown
in Figure 7 illustrate the general intuitive nature of the results ob-
tained via Lagrangian-based displacement interpolation. In partic-
ular, they demonstrate interpolation between anisotropic distribu-
tions, isotropic distributions, distributions that require a split, and
sharp-edged distributions that change shape. These examples are
constructed using a grid of 140�140 samples, using a kernel width
set according to the 10th nearest neighbor, except for the shape ex-
ample which uses the first nearest neighbor. We use the 1-band
interpolation solution.

5.2 BRDF interpolation

We demonstrate our method for interpolating BRDFs. Since the
BRDF model does not include fluorescence, we can treat wave-
lengths independently, as there is no energy transfer across wave-
lengths. We use cosine-weighted BRDFs to ensure proper energy
conservation, and work in the log domain. Logarithmic values
give more importance to low intensities, which yields perceptually
more meaningful results [Rusinkiewicz 1998]. In practice, we ap-
ply log(1 + x) to remap the values so that the function remains

Figure 7: Synthetic 2D examples on a Euclidean domain. The
left and right columns show the input distributions, while the center
columns show interpolations for � = 1/4, � = 1/2, and � = 3/4.

positive. A negative side effect of this choice is that interpolating
between BRDFs of equal energy conserves their log energy (§ 3.6)
instead of their energy. Because we apply a concave remapping,
the interpolated value is guaranteed to be always lower, which en-
sures that our result does not break the energy preservation rule.
That is, our interpolated BRDFs never reflect more light than they
receive as long as the source and target BRDFs have the same prop-
erty. Further, in our experiments, we measured only limited energy
losses between 0.1% and 2%. Also, since energy preservation ap-
plies to the 2D slices representing the outgoing directions associ-
ated to a given incoming direction, we perform interpolation slice
by slice. Reciprocity is not guaranteed in this process, but could
be enforced in a postprocessing step. We use the squared geodesic
distance on the sphere as the ground distance, which corresponds
to using spherical linear interpolation on the paired particles. We
render the results with PBRT [Pharr and Humphreys 2010].

Discussion Previous work on BRDF interpolation relies either
on linear blending [Lensch et al. 2001] or on manifold learn-
ing [Matusik et al. 2003; Dong et al. 2010]. While simple, lin-
ear blending can exhibit significant visual artifacts (Fig. 1 and 8,
and [Matusik et al. 2003]). Manifold-based interpolation addresses
this shortcoming with a nonlinear space within which interpolation
is performed. Building this space requires a large number of exam-
ple BRDFs that may not be always available. Our approach pro-
vides an alternative that works with only two BRDFs. The “speed”
of interpolation from the source to the target BRDF is uniform ac-
cording to the geodesic metric on the sphere. However the per-
ceived change is known to be related to properties of the material
such as the frequency content of the BRDF [Pellacini et al. 2000;
Wills et al. 2009]. This could be incorporated in our method by
reparameterizing the interpolation parameter t according to a per-
ceptual metric akin to the work of Ngan et al. [2006]. For very
specular BRDFs, we observed RBF reconstruction errors of up to
15% thus slightly degrading their visual appearance. Adaptively
adjusting the variance of each Gaussian according to the local fre-
quency content could improve the quality in this specific case.

Validation and Experiments We test our method with a para-
metric BRDF model so that we can render reference images by in-
terpolating the model parameters. We use the Ashikhmin-Shirley
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sures that our result does not break the energy preservation rule.
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receive as long as the source and target BRDFs have the same prop-
erty. Further, in our experiments, we measured only limited energy
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by slice. Reciprocity is not guaranteed in this process, but could
be enforced in a postprocessing step. We use the squared geodesic
distance on the sphere as the ground distance, which corresponds
to using spherical linear interpolation on the paired particles. We
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()
<latexit sha1_base64="w0UixYfvPXSnSxhtC2Zp0lmApdI="></latexit><latexit sha1_base64="w0UixYfvPXSnSxhtC2Zp0lmApdI="></latexit><latexit sha1_base64="w0UixYfvPXSnSxhtC2Zp0lmApdI="></latexit><latexit sha1_base64="w0UixYfvPXSnSxhtC2Zp0lmApdI="></latexit><latexit sha1_base64="w0UixYfvPXSnSxhtC2Zp0lmApdI="></latexit>

Densities d↵
dx = ⇢↵:

<latexit sha1_base64="wKnxbOt7+IXe41dpkCS+2UP/V+A="></latexit><latexit sha1_base64="wKnxbOt7+IXe41dpkCS+2UP/V+A="></latexit><latexit sha1_base64="wKnxbOt7+IXe41dpkCS+2UP/V+A="></latexit><latexit sha1_base64="wKnxbOt7+IXe41dpkCS+2UP/V+A=">AABFbXictVzvctu4EUeu/67pv1w7/dROhz0nba6TprZ7N+305mYusR3HFyd2ItnJXZR4KImSmdCiQkqKE52epA/T6df2CfoG7ad7he4uAAKUQC7opubYAiH8dhdLYLG7AN0dJ3E+WV//16X3vvXt73z3e+9///IPfvijH//kygc/Pc7TadaLjnppkmZPumEeJfEoOprEkyR6Ms6i8KybRI+7L7fw+8ezKMvjdNSevBlHz87C4S </latexit><latexit sha1_base64="wKnxbOt7+IXe41dpkCS+2UP/V+A=">AABFbXictVzvctu4EUeu/67pv1w7/dROhz0nba6TprZ7N+305mYusR3HFyd2ItnJXZR4KImSmdCiQkqKE52epA/T6df2CfoG7ad7he4uAAKUQC7opubYAiH8dhdLYLG7AN0dJ3E+WV//16X3vvXt73z3e+9///IPfvijH//kygc/Pc7TadaLjnppkmZPumEeJfEoOprEkyR6Ms6i8KybRI+7L7fw+8ezKMvjdNSevBlHz87C4S </latexit>

⇢↵(x) = | det(@T (x))|⇢�(T (x))
<latexit sha1_base64="nYRzb7O40OJ0MGj4H334L8Un+Ac="></latexit><latexit sha1_base64="nYRzb7O40OJ0MGj4H334L8Un+Ac="></latexit><latexit sha1_base64="nYRzb7O40OJ0MGj4H334L8Un+Ac="></latexit><latexit sha1_base64="nYRzb7O40OJ0MGj4H334L8Un+Ac="></latexit><latexit sha1_base64="nYRzb7O40OJ0MGj4H334L8Un+Ac="></latexit>

R
Y g(y)d�(y) =

R
X g(T (x))d↵(x)

<latexit sha1_base64="XuotcpYjum8c9XcC6mXuM9Wtpjk="></latexit><latexit sha1_base64="XuotcpYjum8c9XcC6mXuM9Wtpjk="></latexit><latexit sha1_base64="XuotcpYjum8c9XcC6mXuM9Wtpjk="></latexit><latexit sha1_base64="XuotcpYjum8c9XcC6mXuM9Wtpjk="></latexit><latexit sha1_base64="XuotcpYjum8c9XcC6mXuM9Wtpjk="></latexit>



Continuous Monge’s Problem
↵

�
Y

<latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit>

X
<latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit>

Gaspard 
Monge

T
<latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit>

Discrete case:
<latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit>

↵ =
Pn

i=1 �xi
<latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit>

� =
Pn

j=1 �yj
<latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit>

T : xi 7�! y�(i)
<latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit>

Ci,j = c(xi, yj)
<latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit>

min
�2⌃n

nX

i=1

Ci,�(i)

<latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit>

inf
�=T ]↵

Z

X
c(x, T (x))d↵(x)

<latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit>



Continuous Monge’s Problem
↵

�
Y

<latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit><latexit sha1_base64="V/ijx18qSlgI3jCwJ6JJh1g2VwY="></latexit>

X
<latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit><latexit sha1_base64="JfDK3rbsxWg4niKLjwsjdnYEPTA="></latexit>

Gaspard 
Monge

T
<latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit>

Discrete case:
<latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit><latexit sha1_base64="q7OQYOXIvuTuAKQi9e1ICZoeO5Y="></latexit>

↵ =
Pn

i=1 �xi
<latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit><latexit sha1_base64="HFPjKKLTGj+QPe1csnfeiU2QLj8="></latexit>

� =
Pn

j=1 �yj
<latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit><latexit sha1_base64="Ho18sn39CaaQTTeC3D6RvJNWAEc="></latexit>

T : xi 7�! y�(i)
<latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit><latexit sha1_base64="B0/7Q0xaRpkid90QuR/UJOBxWDQ="></latexit>

Ci,j = c(xi, yj)
<latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit><latexit sha1_base64="mWE6dqV0pajhi2t9FNHR1RIZstw="></latexit>

min
�2⌃n

nX

i=1

Ci,�(i)

<latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit><latexit sha1_base64="9c50g6gbnvG3Zcd4CgGqg0hmEvc="></latexit>

inf
�=T ]↵

Z

X
c(x, T (x))d↵(x)

<latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit><latexit sha1_base64="H4SzjqeKxRpGkCl+FqrHBNnEXiQ="></latexit>

?
� � �

↵ ↵ ↵
↵

�

Non-symmetry, non-existence, non-uniqueness:
<latexit sha1_base64="W5rhOoE1xrteUJHFYicrPcOMgX8="></latexit><latexit sha1_base64="W5rhOoE1xrteUJHFYicrPcOMgX8="></latexit><latexit sha1_base64="W5rhOoE1xrteUJHFYicrPcOMgX8="></latexit><latexit sha1_base64="W5rhOoE1xrteUJHFYicrPcOMgX8=">AAA9sXictVvrchu3FYbTW+zenPRnZzrbKu4kGccjKe6004xmYkm+KFZs2aRkO6Gt8LKi115yKe5SlszoSfownf5tn6Bv0P7qK/ScA2CBJbF7ANUVRhIWxHfOwQFwLsCyN0mTvFhd/eel937wwx/9+CfvX77y05/9/Be/vPrBhwd5Npv24/1+lmbTp71uHqfJON4vkiKNn06mcXfUS+Mnvddb+PmTk3iaJ9m4XZxN4uej7nCcHC </latexit><latexit sha1_base64="W5rhOoE1xrteUJHFYicrPcOMgX8=">AAA9sXictVvrchu3FYbTW+zenPRnZzrbKu4kGccjKe6004xmYkm+KFZs2aRkO6Gt8LKi115yKe5SlszoSfownf5tn6Bv0P7qK/ScA2CBJbF7ANUVRhIWxHfOwQFwLsCyN0mTvFhd/eel937wwx/9+CfvX77y05/9/Be/vPrBhwd5Npv24/1+lmbTp71uHqfJON4vkiKNn06mcXfUS+Mnvddb+PmTk3iaJ9m4XZxN4uej7nCcHC </latexit>

T
<latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit>

T
<latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit>

T
<latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit><latexit sha1_base64="cXoE4UbxIyijAmE0kO5wc4470ts="></latexit>

T 0
<latexit sha1_base64="rdYncJtLwBIc4+zpxHr21lL4wO4="></latexit><latexit sha1_base64="rdYncJtLwBIc4+zpxHr21lL4wO4="></latexit><latexit sha1_base64="rdYncJtLwBIc4+zpxHr21lL4wO4="></latexit><latexit sha1_base64="rdYncJtLwBIc4+zpxHr21lL4wO4="></latexit><latexit sha1_base64="rdYncJtLwBIc4+zpxHr21lL4wO4="></latexit>

↵� �



Brenier’s Theorem

Hypotheses:
<latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit>

c(x, y) = ||x� y||2
<latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit>

d↵
dx = ⇢↵ density.

<latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit>

min
�=T ]↵

Z

X
c(x, T (x))d↵(x)

<latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit>

↵

�
<latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit>

T
<latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit>



Brenier’s Theorem

Hypotheses:
<latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit>

c(x, y) = ||x� y||2
<latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit>

d↵
dx = ⇢↵ density.

<latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit>

min
�=T ]↵

Z

X
c(x, T (x))d↵(x)

<latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit>

Yann 
Brenier

There exists a unique Monge map T .
<latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit>

It is the unique T = r' such that
<latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit>

' is convex and (r')]↵ = �.
<latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit>

Theorem: [Brenier, 1991]
<latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit>

↵

�
<latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit>

T
<latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit>



Brenier’s Theorem

Hypotheses:
<latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit><latexit sha1_base64="Kz6oWTOyZxQfM22h7hulfw17JC4="></latexit>

c(x, y) = ||x� y||2
<latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit><latexit sha1_base64="8N+YrFgHwCNqJVdrD67sfxTeobw="></latexit>

d↵
dx = ⇢↵ density.

<latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit><latexit sha1_base64="dLOWuHxfzRpj9kO3xo3BkczKa6k="></latexit>

min
�=T ]↵

Z

X
c(x, T (x))d↵(x)

<latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit><latexit sha1_base64="G9wXsI2n8rQy7Unm+2JXyhtR/IE="></latexit>

! Monge-Ampère equation (non-linear, degenerate elliptic).
<latexit sha1_base64="vq9eQR/Pj8oaAYzIMN53xm+UT20="></latexit><latexit sha1_base64="vq9eQR/Pj8oaAYzIMN53xm+UT20="></latexit><latexit sha1_base64="vq9eQR/Pj8oaAYzIMN53xm+UT20="></latexit><latexit sha1_base64="vq9eQR/Pj8oaAYzIMN53xm+UT20="></latexit><latexit sha1_base64="vq9eQR/Pj8oaAYzIMN53xm+UT20="></latexit>

⇢↵(x) = | det(@2'(x))|⇢�(T (x))
<latexit sha1_base64="Sgg0ElPzJvjIt54QpbUNAPlp5pE="></latexit><latexit sha1_base64="Sgg0ElPzJvjIt54QpbUNAPlp5pE="></latexit><latexit sha1_base64="Sgg0ElPzJvjIt54QpbUNAPlp5pE="></latexit><latexit sha1_base64="Sgg0ElPzJvjIt54QpbUNAPlp5pE="></latexit><latexit sha1_base64="Sgg0ElPzJvjIt54QpbUNAPlp5pE="></latexit>

s.t. ' convex.
<latexit sha1_base64="BkiShaE26v70G6qscN4x9YXpBQw="></latexit><latexit sha1_base64="BkiShaE26v70G6qscN4x9YXpBQw="></latexit><latexit sha1_base64="BkiShaE26v70G6qscN4x9YXpBQw="></latexit><latexit sha1_base64="BkiShaE26v70G6qscN4x9YXpBQw="></latexit><latexit sha1_base64="BkiShaE26v70G6qscN4x9YXpBQw="></latexit>

Yann 
Brenier

There exists a unique Monge map T .
<latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit><latexit sha1_base64="nsglRAUi+tlHeI1cLZ6LHMM7xpo="></latexit>

It is the unique T = r' such that
<latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit><latexit sha1_base64="jRX8giyUu12rfn1251pXgPCW+54="></latexit>

' is convex and (r')]↵ = �.
<latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit><latexit sha1_base64="tvjr0hwMzBZ6qILEwzAGLTMLlqQ="></latexit>

Theorem: [Brenier, 1991]
<latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit><latexit sha1_base64="8NQVStLhVn2W6uw9kVp+OtxNaO8="></latexit>

↵

�
<latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit><latexit sha1_base64="SLqhf2ynx7RkQrk5I2Me8kQffP0="></latexit>

T
<latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit><latexit sha1_base64="DdtyCCWf5MnioTQiKEk9SEkdwFA="></latexit>



Regularity Theory

Alessio 
Figalli

! Regularity of T requires convex target.
<latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit>



Regularity Theory

Alessio 
Figalli

! Regularity of T requires convex target.
<latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit><latexit sha1_base64="8kWGLVa49vo1goEqgEfIFHYs2iU="></latexit>



<latexit sha1_base64="lkYmEXSwz6mt4AGHn22Q31ywqqo="></latexit> C↵(x)
def.
=

R x
�1 d↵

<latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="4O62d9ZpZwxb2uqUo5s7XdiuHnA="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit>

↵
<latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit>

�
<latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit>

Optimal transport ↵ 7! �:
<latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit><latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit><latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit><latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit>

T = C�1
� � C↵

<latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit><latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit><latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit><latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit>

T
<latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit><latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit><latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit><latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit>

T�1
<latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit><latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit><latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit><latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit>

1-D Optimal Transport

C�1
↵

<latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit>

C�1
�

<latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit>

C↵] : ↵ 7�! U[0,1]
<latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit><latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit><latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit><latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit>

C�1
� ] : U[0,1] 7�! �

<latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit><latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit><latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit><latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit>

Quantile function:
<latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit>

Cumulative function:
<latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit>



<latexit sha1_base64="lkYmEXSwz6mt4AGHn22Q31ywqqo="></latexit> C↵(x)
def.
=

R x
�1 d↵

<latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="4O62d9ZpZwxb2uqUo5s7XdiuHnA="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit>

↵
<latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit>

�
<latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit>

Optimal transport ↵ 7! �:
<latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit><latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit><latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit><latexit sha1_base64="uaCQ12Avk5+prnrpizhQCBBkCD4="></latexit>

T = C�1
� � C↵

<latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit><latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit><latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit><latexit sha1_base64="tMg9HLKvhu0TuDhtoNt3nAH1myA="></latexit>

T
<latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit><latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit><latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit><latexit sha1_base64="7MIqnWTzvSa0gieObALHDS/Qw1E="></latexit>

T�1
<latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit><latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit><latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit><latexit sha1_base64="+pNETjQCswnOhfQkDuztODf1Lb8="></latexit>

1-D Optimal Transport

C�1
↵

<latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit>

C�1
�

<latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit>

C↵] : ↵ 7�! U[0,1]
<latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit><latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit><latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit><latexit sha1_base64="YptewB6YfWq5IOX0w6qweGqw+cs="></latexit>

C�1
� ] : U[0,1] 7�! �

<latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit><latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit><latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit><latexit sha1_base64="XCTQcUiAM1TxCYnRB32ynMPtj54="></latexit>

Quantile function:
<latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit><latexit sha1_base64="tiSkSmWX3nC54YrKVpm+dSz59gk="></latexit>

Cumulative function:
<latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit><latexit sha1_base64="9bM7aIp/leYYv3Lb8i7OYQHhUzw="></latexit>



<latexit sha1_base64="lkYmEXSwz6mt4AGHn22Q31ywqqo="></latexit>

<latexit sha1_base64="V2c4oi6Ui+8aAQQRSUjfv4krA88="></latexit>

<latexit sha1_base64="paW9NWULReQgGyJqMNvVcS4vqKU="></latexit>

<latexit sha1_base64="7vSSzS8Ab+W3EdrUy5FamERFqFc="></latexit>

<latexit sha1_base64="BditqT8q67bli95641zf3FDK5iA="></latexit>

↵
<latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit>

�
<latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit>

C�
<latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit><latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit><latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit><latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit>

C↵
<latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="e4eBz9+MDkD0UL9qSkyjxlcecbk="></latexit><latexit sha1_base64="e4eBz9+MDkD0UL9qSkyjxlcecbk="></latexit><latexit sha1_base64="3ptecyMtiKls6o9ffePwWpm5mUo="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit>

C�1
↵

<latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="w/AxiQl8JPOhLZc9y1rQJCat0bQ="></latexit><latexit sha1_base64="w/AxiQl8JPOhLZc9y1rQJCat0bQ="></latexit><latexit sha1_base64="TBYtVpBsd5BBFPBKindWL9x29UU="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit>

C�1
�

<latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit>

||↵� �||2K =
R 1
0 |C↵(t)� C�(t)|2dt

<latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit><latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit><latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit><latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit>

AUC(↵,�) = 1�
R 1
0 C↵ � C��1(x)

<latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit><latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit><latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit><latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit>

C↵(x)
def.
=

R x
�1 d↵

<latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="4O62d9ZpZwxb2uqUo5s7XdiuHnA="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit>

Wp(↵,�)p =
R 1
0 |C�1

↵ (t)� C�1
� (t)|pdt

<latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit><latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit><latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit><latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit>

W1(↵,�) = ||↵� �||W1 =
R
R |C↵(x)� C�(x)|dx

<latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit><latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit><latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit><latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit>

||↵� �||KS = supx |C↵(x)� C�(x)|
<latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit>



<latexit sha1_base64="lkYmEXSwz6mt4AGHn22Q31ywqqo="></latexit>

<latexit sha1_base64="V2c4oi6Ui+8aAQQRSUjfv4krA88="></latexit>

<latexit sha1_base64="paW9NWULReQgGyJqMNvVcS4vqKU="></latexit>

<latexit sha1_base64="7vSSzS8Ab+W3EdrUy5FamERFqFc="></latexit>

<latexit sha1_base64="BditqT8q67bli95641zf3FDK5iA="></latexit>

↵
<latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit><latexit sha1_base64="BcvpCq5BRUK0rafDPlKLFcMpUPg="></latexit>

�
<latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit><latexit sha1_base64="MJ9oPvTxAtbD/hnaUCbWt69ZYGA="></latexit>

C�
<latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit><latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit><latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit><latexit sha1_base64="mnVDHSJCKZdg0uVCTuSmxN0VtQ8="></latexit>

C↵
<latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="e4eBz9+MDkD0UL9qSkyjxlcecbk="></latexit><latexit sha1_base64="e4eBz9+MDkD0UL9qSkyjxlcecbk="></latexit><latexit sha1_base64="3ptecyMtiKls6o9ffePwWpm5mUo="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit><latexit sha1_base64="MPBNAemKne2YxA39d1gvQO3A6N0="></latexit>

C�1
↵

<latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="w/AxiQl8JPOhLZc9y1rQJCat0bQ="></latexit><latexit sha1_base64="w/AxiQl8JPOhLZc9y1rQJCat0bQ="></latexit><latexit sha1_base64="TBYtVpBsd5BBFPBKindWL9x29UU="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit><latexit sha1_base64="Tva+LQ4e0yclQ8ZVunzU4ZCjLdw="></latexit>

C�1
�

<latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit><latexit sha1_base64="cOXoTQGOwUSDpobZ06nn8bk1NgM="></latexit>

||↵� �||2K =
R 1
0 |C↵(t)� C�(t)|2dt

<latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit><latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit><latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit><latexit sha1_base64="WvtMNprr9lRIwzeKG4mNqD2J9Uc="></latexit>

AUC(↵,�) = 1�
R 1
0 C↵ � C��1(x)

<latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit><latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit><latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit><latexit sha1_base64="gD7JhEe2+TXnBccxkFM1nmS/7yE="></latexit>

C↵(x)
def.
=

R x
�1 d↵

<latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="4O62d9ZpZwxb2uqUo5s7XdiuHnA="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit>

Wp(↵,�)p =
R 1
0 |C�1

↵ (t)� C�1
� (t)|pdt

<latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit><latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit><latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit><latexit sha1_base64="pQzoIm5A6aSioCbSPS+SGPLvMr0="></latexit>

W1(↵,�) = ||↵� �||W1 =
R
R |C↵(x)� C�(x)|dx

<latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit><latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit><latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit><latexit sha1_base64="LTA4z6RcvQ5fpn9AKnIpN2fJHaE="></latexit>

||↵� �||KS = supx |C↵(x)� C�(x)|
<latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit><latexit sha1_base64="CSzP/PCEahEGMCno4GTZhXeaS9Q="></latexit>



<latexit sha1_base64="lkYmEXSwz6mt4AGHn22Q31ywqqo="></latexit>

C↵(x)
def.
=

R x
�1 d↵

<latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="4O62d9ZpZwxb2uqUo5s7XdiuHnA="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit>

Optimal transport interpolation ↵0 $ ↵1
<latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit><latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit><latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit><latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit>

↵ 1
2

<latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit><latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit><latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit><latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit>

↵0
<latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit><latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit><latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit><latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit>

↵1
<latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit><latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit><latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit><latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit>

1-D Optimal Transport Interpolation

C↵0
<latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit><latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit><latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit><latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit>

C↵1
<latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit><latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit><latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit><latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit>

8 t 2 [0, 1], C�1
↵t

= (1� t)C�1
↵0

+ tC�1
↵1

<latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="> </latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="> </latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="> </latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="></latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="></latexit>



<latexit sha1_base64="lkYmEXSwz6mt4AGHn22Q31ywqqo="></latexit>

C↵(x)
def.
=

R x
�1 d↵

<latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="5spItqSUTXV/BY1jkxJXaa9as2g="></latexit><latexit sha1_base64="4O62d9ZpZwxb2uqUo5s7XdiuHnA="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit><latexit sha1_base64="NagChymWaASb8bvGA6rN+HpPF8Q="></latexit>

Optimal transport interpolation ↵0 $ ↵1
<latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit><latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit><latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit><latexit sha1_base64="wMtFjQAuM8vIdixCfsGKU5+mNE0="></latexit>

↵ 1
2

<latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit><latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit><latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit><latexit sha1_base64="R4XEnlZdELvhHSqamux6CA6gu4Q="></latexit>

↵0
<latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit><latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit><latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit><latexit sha1_base64="FWftk9p2NhGdgbV1VAbnErWrSaY="></latexit>

↵1
<latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit><latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit><latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit><latexit sha1_base64="k9+jF6mp2jO1KrbC3IpXY8nWi9s="></latexit>

1-D Optimal Transport Interpolation

C↵0
<latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit><latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit><latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit><latexit sha1_base64="M7qkXxQa/1CgSFWDorxl32gTqWQ="></latexit>

C↵1
<latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit><latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit><latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit><latexit sha1_base64="7JFMGXOSKjH8r9PmD5LvMd7FEUY="></latexit>

8 t 2 [0, 1], C�1
↵t

= (1� t)C�1
↵0

+ tC�1
↵1

<latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="> </latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="> </latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="> </latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="></latexit><latexit sha1_base64="xWAsvx2H0NLxux/6omA2xclsu3s="></latexit>



OT Between 1D Gaussians

d↵

dx
=

1

�↵

p
2⇡

e
� (x�m↵)2

2�2
↵

<latexit sha1_base64="LIWmD9GoGh+B5Jq3lVEJXxgDQAU="></latexit><latexit sha1_base64="LIWmD9GoGh+B5Jq3lVEJXxgDQAU="></latexit><latexit sha1_base64="LIWmD9GoGh+B5Jq3lVEJXxgDQAU="></latexit><latexit sha1_base64="LIWmD9GoGh+B5Jq3lVEJXxgDQAU="></latexit><latexit sha1_base64="LIWmD9GoGh+B5Jq3lVEJXxgDQAU="></latexit>

m↵
<latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit>

�↵
<latexit sha1_base64="JJVDCXxynQFAZ+H6Qg1QmdkE7FQ="></latexit><latexit sha1_base64="JJVDCXxynQFAZ+H6Qg1QmdkE7FQ="></latexit><latexit sha1_base64="JJVDCXxynQFAZ+H6Qg1QmdkE7FQ="></latexit><latexit sha1_base64="JJVDCXxynQFAZ+H6Qg1QmdkE7FQ="></latexit><latexit sha1_base64="JJVDCXxynQFAZ+H6Qg1QmdkE7FQ="></latexit>

��
<latexit sha1_base64="QZbJNldMW9g1Q8KDelCxjvJY3p4="></latexit><latexit sha1_base64="QZbJNldMW9g1Q8KDelCxjvJY3p4="></latexit><latexit sha1_base64="QZbJNldMW9g1Q8KDelCxjvJY3p4="></latexit><latexit sha1_base64="QZbJNldMW9g1Q8KDelCxjvJY3p4="></latexit><latexit sha1_base64="QZbJNldMW9g1Q8KDelCxjvJY3p4="></latexit>

m�
<latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit>

T
<latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit>

T (x) =
��

�↵
(x�m↵) +m�

<latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="vbvODpzX1Fswe2MVnHpo3yualNI="></latexit><latexit sha1_base64="AOgqvcuu2+WXVn2QvLburBkOazE="></latexit><latexit sha1_base64="AOgqvcuu2+WXVn2QvLburBkOazE="></latexit><latexit sha1_base64="c6t1YIEPvY/oUw2ugavWNLaF7DU="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit><latexit sha1_base64="bJ5C5U7nqx3HOR8QCWcnzqvO55E="></latexit>

T = r'
<latexit sha1_base64="z1Y1ThFmiS5ElUvQSw4BfapzddM="></latexit><latexit sha1_base64="z1Y1ThFmiS5ElUvQSw4BfapzddM="></latexit><latexit sha1_base64="z1Y1ThFmiS5ElUvQSw4BfapzddM="></latexit><latexit sha1_base64="z1Y1ThFmiS5ElUvQSw4BfapzddM="></latexit><latexit sha1_base64="z1Y1ThFmiS5ElUvQSw4BfapzddM="></latexit>

'(x) =
��

2�↵
(x�m↵)

2 +m�x
<latexit sha1_base64="65TL9fiOIofOP3JetJAoCnWMknA="></latexit><latexit sha1_base64="65TL9fiOIofOP3JetJAoCnWMknA="></latexit><latexit sha1_base64="65TL9fiOIofOP3JetJAoCnWMknA="></latexit><latexit sha1_base64="65TL9fiOIofOP3JetJAoCnWMknA="></latexit><latexit sha1_base64="65TL9fiOIofOP3JetJAoCnWMknA="></latexit>

' is convex.
<latexit sha1_base64="ShiUbY2IzAJ2DUKliS5zUh2qB84="></latexit><latexit sha1_base64="ShiUbY2IzAJ2DUKliS5zUh2qB84="></latexit><latexit sha1_base64="ShiUbY2IzAJ2DUKliS5zUh2qB84="></latexit><latexit sha1_base64="ShiUbY2IzAJ2DUKliS5zUh2qB84="></latexit><latexit sha1_base64="ShiUbY2IzAJ2DUKliS5zUh2qB84="></latexit>

T ⌘ OT
<latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit>

=)
<latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit>

Brenier
<latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit>

�

m

W2
2(↵,�) = (m↵ �m�)

2 + (�↵ � ��)
2

<latexit sha1_base64="3XkTaGFqBmWcvMafKW8H1ClbX/w="></latexit><latexit sha1_base64="3XkTaGFqBmWcvMafKW8H1ClbX/w="></latexit><latexit sha1_base64="3XkTaGFqBmWcvMafKW8H1ClbX/w="></latexit><latexit sha1_base64="3XkTaGFqBmWcvMafKW8H1ClbX/w="></latexit><latexit sha1_base64="3XkTaGFqBmWcvMafKW8H1ClbX/w="></latexit>



OT Between Gaussians

d↵

dx
=

1

(2⇡)d/2|⌃↵|
e�

||x�m↵||2
⌃�1
↵

2

<latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit> m↵
<latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit>

m�
<latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit>

⌃↵ = U↵ diag(�↵)U
>
↵

<latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit> �1u1
<latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit>

�2u2
<latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit>

T
<latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit>

T (x) = A(x�m↵) +m�
<latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit>

Proposition:
<latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit>

A 2 Sn
+

<latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit>

A⌃↵A = ⌃�
<latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit>

T ⌘ OT
<latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit>

=)
<latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit>

Brenier
<latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit>

A = ⌃
� 1

2
↵

q
⌃

1
2
↵⌃�⌃

1
2
↵⌃

� 1
2

↵
<latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="></latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="></latexit>



OT Between Gaussians

d↵

dx
=

1

(2⇡)d/2|⌃↵|
e�

||x�m↵||2
⌃�1
↵

2

<latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit> m↵
<latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit>

m�
<latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit>

⌃↵ = U↵ diag(�↵)U
>
↵

<latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit> �1u1
<latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit>

�2u2
<latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit>

T
<latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit>

T (x) = A(x�m↵) +m�
<latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit>

Proposition:
<latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit>

A 2 Sn
+

<latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit>

A⌃↵A = ⌃�
<latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit>

T ⌘ OT
<latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit>

=)
<latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit>

Brenier
<latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit>

A = ⌃
� 1

2
↵

q
⌃

1
2
↵⌃�⌃

1
2
↵⌃

� 1
2

↵
<latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="></latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="></latexit>

Bures distance:
<latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit>

B(⌃↵,⌃�)
2 def.
= tr

⇣
⌃↵ + ⌃� � 2

q
⌃

1
2
↵⌃�⌃

1
2
↵

⌘

<latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit>

W2
2(↵,�) = ||m↵ �m� ||2 + B(⌃↵,⌃�)

2
<latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit>



OT Between Gaussians

d↵

dx
=

1

(2⇡)d/2|⌃↵|
e�

||x�m↵||2
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↵

2

<latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit><latexit sha1_base64="o+Os9I3V1/gBGlzVJJ9cwsUwA9Q="></latexit> m↵
<latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit>

m�
<latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit>

⌃↵ = U↵ diag(�↵)U
>
↵

<latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit><latexit sha1_base64="9+XQJ+KFDxUxHfwbEknukikXJm4="></latexit> �1u1
<latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit>

�2u2
<latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit>

T
<latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit>

T (x) = A(x�m↵) +m�
<latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit>

Proposition:
<latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit><latexit sha1_base64="zAzGKUKLpOSQvj/7TwZfxvewSAk="></latexit>

A 2 Sn
+

<latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit><latexit sha1_base64="4sSt62/CezxR9H7/vUu9dr5p1e8="></latexit>

A⌃↵A = ⌃�
<latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit><latexit sha1_base64="m+IXWYEHPHnbEvlLoCPT6YlAyVk="></latexit>

T ⌘ OT
<latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit><latexit sha1_base64="K+sHbXcUOq0eMBYEVvXaYLbaGkw="></latexit>

=)
<latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit><latexit sha1_base64="p5MIGKE2xqhdKdRrrG2k4noiBt8="></latexit>

Brenier
<latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit><latexit sha1_base64="aF0eXQkPIn/NhvUyA6v9n+hBmsI="></latexit>

A = ⌃
� 1

2
↵

q
⌃

1
2
↵⌃�⌃

1
2
↵⌃

� 1
2

↵
<latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="> </latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="></latexit><latexit sha1_base64="3H61pzHjb76TAvsW3bvwpEDc1RM="></latexit>

If ⌃↵⌃� = ⌃�⌃↵:
<latexit sha1_base64="nQOvCXW09kxP4cZDadQ45rOOZEQ="></latexit><latexit sha1_base64="nQOvCXW09kxP4cZDadQ45rOOZEQ="></latexit><latexit sha1_base64="nQOvCXW09kxP4cZDadQ45rOOZEQ="></latexit><latexit sha1_base64="nQOvCXW09kxP4cZDadQ45rOOZEQ="></latexit><latexit sha1_base64="nQOvCXW09kxP4cZDadQ45rOOZEQ="></latexit> ↵

<latexit sha1_base64="GptQnA4vyc6Rxq14Sr3OTp6+VA4="></latexit><latexit sha1_base64="GptQnA4vyc6Rxq14Sr3OTp6+VA4="></latexit><latexit sha1_base64="GptQnA4vyc6Rxq14Sr3OTp6+VA4="></latexit><latexit sha1_base64="GptQnA4vyc6Rxq14Sr3OTp6+VA4="></latexit><latexit sha1_base64="GptQnA4vyc6Rxq14Sr3OTp6+VA4="></latexit>

�
<latexit sha1_base64="QzuZEh74cCmUDyvNqr2JcPMwxyE="></latexit><latexit sha1_base64="QzuZEh74cCmUDyvNqr2JcPMwxyE="></latexit><latexit sha1_base64="QzuZEh74cCmUDyvNqr2JcPMwxyE="></latexit><latexit sha1_base64="QzuZEh74cCmUDyvNqr2JcPMwxyE="></latexit><latexit sha1_base64="QzuZEh74cCmUDyvNqr2JcPMwxyE="></latexit>

B(⌃↵,⌃�)
2 = ||

p
⌃↵ �

p
⌃� ||2

<latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="vbvODpzX1Fswe2MVnHpo3yualNI="> </latexit><latexit sha1_base64="IspQ5v1etDin2wtr5YAl3FOWSJc="> </latexit><latexit sha1_base64="IspQ5v1etDin2wtr5YAl3FOWSJc="> </latexit><latexit sha1_base64="8hvzwl+D+OkQKIsj0RhVDDiOHzg="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="> </latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="></latexit><latexit sha1_base64="5+gWYEoSu9zSeHeS3Lw+kA/jvX4="></latexit>

Bures distance:
<latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit><latexit sha1_base64="MLAYcWdYQYOR5LwGJAygU8NUBVQ="></latexit>

B(⌃↵,⌃�)
2 def.
= tr

⇣
⌃↵ + ⌃� � 2

q
⌃

1
2
↵⌃�⌃

1
2
↵

⌘

<latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit><latexit sha1_base64="5nivK5KWnNj1Kza8Fx6jrmFaFuQ="></latexit>

W2
2(↵,�) = ||m↵ �m� ||2 + B(⌃↵,⌃�)

2
<latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit><latexit sha1_base64="wi3VMCNDK8L+ALjVpYgoUjJc3zg="></latexit>



Interpolation Between Gaussians

Optimal transport map T ]↵ = �.
<latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc="> </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc="> </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc="> </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc=">AABF8XictVzNchu5EYY3fxvnz5scc5ms7JQ35VUkZVNJ1dZWrU3JktZaWzYp2bumrZohRxTlIYeeIekfrp4ip9xSueYJckpV8hR5g+SUV0h3AxhgSMw0RnE8JQkD4utuNIBGdwN0NEmG+XRj459X3vvWt7/z3e+9//2rP/jhj378k2sf/PQ4T2dZLz7qpUmaPYnCPE6G4/hoOpwm8ZNJFoejKIkfRy9a+PnjeZzlw3Tcmb6ZxM </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc=">AABF8XictVzNchu5EYY3fxvnz5scc5ms7JQ35VUkZVNJ1dZWrU3JktZaWzYp2bumrZohRxTlIYeeIekfrp4ip9xSueYJckpV8hR5g+SUV0h3AxhgSMw0RnE8JQkD4utuNIBGdwN0NEmG+XRj459X3vvWt7/z3e+9//2rP/jhj378k2sf/PQ4T2dZLz7qpUmaPYnCPE6G4/hoOpwm8ZNJFoejKIkfRy9a+PnjeZzlw3Tcmb6ZxM </latexit>

m↵
<latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit>

m�
<latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit>

�1u1
<latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit>

�2u2
<latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit>

T
<latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit>

T (x) = A(x�m↵) +m�
<latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit>

A = ⌃
� 1

2
↵

⇣
⌃

1
2
↵⌃�⌃

1
2
↵

⌘ 1
2
⌃

� 1
2

↵
<latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit>

Displacement interpolation:
<latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I="></latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I="></latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I="></latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I=">AABF33ictVzNchu5EYY3fxvnz5sc9zJZrVPelONIyqaSylaq1pZkSWvZlk1K9q5lu4bkiKY95NAckv7h6pBTbqlc8wS5Jk+Q58gbJKe8QvoHGGBIzDRGcTwlCYPB193oARrdDYw743SQT9fX/3nhvW9881vf/s773734ve//4Ic/uvTBj4/zbDbpJkfdLM0mDztxnqSDUXI0HUzT5OF4ksTDTpo86LzYwucP5skkH2Sj9vTNOH </latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I=">AABF33ictVzNchu5EYY3fxvnz5sc9zJZrVPelONIyqaSylaq1pZkSWvZlk1K9q5lu4bkiKY95NAckv7h6pBTbqlc8wS5Jk+Q58gbJKe8QvoHGGBIzDRGcTwlCYPB193oARrdDYw743SQT9fX/3nhvW9881vf/s773734ve//4Ic/uvTBj4/zbDbpJkfdLM0mDztxnqSDUXI0HUzT5OF4ksTDTpo86LzYwucP5skkH2Sj9vTNOH </latexit>

↵t
def.
= ((1� t)Id + tT )]↵ = N (mt,⌃t)

<latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit>

mt = (1� t)m↵ + tm�
<latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit>

⌃t = [(1� t)Id + tA]⌃↵[(1� t)Id + tA]
<latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit>



Interpolation Between Gaussians

Optimal transport map T ]↵ = �.
<latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc="> </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc="> </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc="> </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc=">AABF8XictVzNchu5EYY3fxvnz5scc5ms7JQ35VUkZVNJ1dZWrU3JktZaWzYp2bumrZohRxTlIYeeIekfrp4ip9xSueYJckpV8hR5g+SUV0h3AxhgSMw0RnE8JQkD4utuNIBGdwN0NEmG+XRj459X3vvWt7/z3e+9//2rP/jhj378k2sf/PQ4T2dZLz7qpUmaPYnCPE6G4/hoOpwm8ZNJFoejKIkfRy9a+PnjeZzlw3Tcmb6ZxM </latexit><latexit sha1_base64="oYYQEL56qLdM5TG7uikRSS0wyGc=">AABF8XictVzNchu5EYY3fxvnz5scc5ms7JQ35VUkZVNJ1dZWrU3JktZaWzYp2bumrZohRxTlIYeeIekfrp4ip9xSueYJckpV8hR5g+SUV0h3AxhgSMw0RnE8JQkD4utuNIBGdwN0NEmG+XRj459X3vvWt7/z3e+9//2rP/jhj378k2sf/PQ4T2dZLz7qpUmaPYnCPE6G4/hoOpwm8ZNJFoejKIkfRy9a+PnjeZzlw3Tcmb6ZxM </latexit>

m↵
<latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit><latexit sha1_base64="f6vix233752hJFcmIDZWdatr/+k="></latexit>

m�
<latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ1ilvynEkx1VJ1VaqVpZkWWvZlk1K9u7SVnHIEU17yKE5pPxD65TKNY+Qa/IWeY68QXLKK6R/gAGGxExjFMcoSRgQX3ejB2h0N0DHk3SYz9bX/3nho+9893vf/8HHFy/98Ec//slPL3/y6VGezae95LCXpdn0SdzNk3Q4Tg5nw1maPJlMk+4oTpPH8cst/PzxaTLNh9m4PXs7SZ6OuoPx8GTY686g6fjypx2isYjTeXIWjY47cXJ8eW39+jr9i1YrG7qypvS/g+yT6FB1VF9lqqfmaqQSNVYzqKeqq3Io36oNta4m0PZULaBtCrUhfZ6oM3UJsHPolUCPLrS+hN8DePpWt47hGWnmhO4BlxR+poCM1BXAZNBvCnXkFtHnc6KMrVW0F0QTZXsLf2NNawStM/UcWiWc6RmKw7HM1In </latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit><latexit sha1_base64="3B7Qx0kpEh+2zJ3dVel5SSzFJHk="></latexit>

�1u1
<latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit><latexit sha1_base64="zyflQCHQGQA+qq5VgKgV9+SsvKg="></latexit>

�2u2
<latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit><latexit sha1_base64="UUwaIYGr+ceDQDRlESVq9F6rbpQ="></latexit>

T
<latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit><latexit sha1_base64="NeaxpuVMi5Zi+lTnfVYO2Lny/kc="></latexit>

T (x) = A(x�m↵) +m�
<latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit><latexit sha1_base64="KWo/JEgy/Y9p5TRDW/ta65q+Keg="></latexit>

A = ⌃
� 1

2
↵

⇣
⌃

1
2
↵⌃�⌃

1
2
↵

⌘ 1
2
⌃

� 1
2

↵
<latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit><latexit sha1_base64="yuV+DG2PLtNjWcY9H65O/4iagS8="></latexit>

Displacement interpolation:
<latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I="></latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I="></latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I="></latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I=">AABF33ictVzNchu5EYY3fxvnz5sc9zJZrVPelONIyqaSylaq1pZkSWvZlk1K9q5lu4bkiKY95NAckv7h6pBTbqlc8wS5Jk+Q58gbJKe8QvoHGGBIzDRGcTwlCYPB193oARrdDYw743SQT9fX/3nhvW9881vf/s773734ve//4Ic/uvTBj4/zbDbpJkfdLM0mDztxnqSDUXI0HUzT5OF4ksTDTpo86LzYwucP5skkH2Sj9vTNOH </latexit><latexit sha1_base64="shwdHFDmbAJ+3gCW9rpVK/hIP1I=">AABF33ictVzNchu5EYY3fxvnz5sc9zJZrVPelONIyqaSylaq1pZkSWvZlk1K9q5lu4bkiKY95NAckv7h6pBTbqlc8wS5Jk+Q58gbJKe8QvoHGGBIzDRGcTwlCYPB193oARrdDYw743SQT9fX/3nhvW9881vf/s773734ve//4Ic/uvTBj4/zbDbpJkfdLM0mDztxnqSDUXI0HUzT5OF4ksTDTpo86LzYwucP5skkH2Sj9vTNOH </latexit>

↵t
def.
= ((1� t)Id + tT )]↵ = N (mt,⌃t)

<latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit><latexit sha1_base64="VslKX6mw8qcHzc5IyfZVjIIOdHw="></latexit>

mt = (1� t)m↵ + tm�
<latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit><latexit sha1_base64="zqI5LzxQ2JgKcVxHiDXih/N9wK8="></latexit>

⌃t = [(1� t)Id + tA]⌃↵[(1� t)Id + tA]
<latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit><latexit sha1_base64="6Y9iYDEq5Yo1iD2juz2vqtFVfFU="></latexit>
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Leonid Kantorovich (1912-1986)
Леонид Витальевич Канторович

[Kantorovich 1942]



Kantorovitch’s Formulation

Points (xi)i, (yj)j

Input distributions

↵ =
Pn

i=1 ai�xi � =
Pm

j=1 bj�yj

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1



Kantorovitch’s Formulation

Points (xi)i, (yj)j

Input distributions

↵ =
Pn

i=1 ai�xi � =
Pm

j=1 bj�yj

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc=">AABByXictVxblxO5ERab20JubPKYl05myWFzWDJM9pxc9uScHTzDMIsXDPYAyxo4vvQYQ9tt3PYw4J2n/IW8Jn8lvyP/IHnKX0hdpJbaVnepJwSdmVHL+qpK1VKpqiTTnyXjbLG9/c8LH3znu9/7/g8+vHjphz/68U9+evmjnz3M0uV8EB8N0iSdP+73sjgZT+OjxXiRxI9n87g36Sfxo/6rBn7+6CSeZ+N02lm8ncVPJ73RdH </latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc=">AABByXictVxblxO5ERab20JubPKYl05myWFzWDJM9pxc9uScHTzDMIsXDPYAyxo4vvQYQ9tt3PYw4J2n/IW8Jn8lvyP/IHnKX0hdpJbaVnepJwSdmVHL+qpK1VKpqiTTnyXjbLG9/c8LH3znu9/7/g8+vHjphz/68U9+evmjnz3M0uV8EB8N0iSdP+73sjgZT+OjxXiRxI9n87g36Sfxo/6rBn7+6CSeZ+N02lm8ncVPJ73RdH </latexit>

U(a,b)
def.
=

�
P 2 Rn⇥m

+ ; P1m = a,P>1n = b
 

<latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>



Kantorovitch’s Formulation

Points (xi)i, (yj)j

Input distributions

↵ =
Pn

i=1 ai�xi � =
Pm

j=1 bj�yj

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc=">AABByXictVxblxO5ERab20JubPKYl05myWFzWDJM9pxc9uScHTzDMIsXDPYAyxo4vvQYQ9tt3PYw4J2n/IW8Jn8lvyP/IHnKX0hdpJbaVnepJwSdmVHL+qpK1VKpqiTTnyXjbLG9/c8LH3znu9/7/g8+vHjphz/68U9+evmjnz3M0uV8EB8N0iSdP+73sjgZT+OjxXiRxI9n87g36Sfxo/6rBn7+6CSeZ+N02lm8ncVPJ73RdH </latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc=">AABByXictVxblxO5ERab20JubPKYl05myWFzWDJM9pxc9uScHTzDMIsXDPYAyxo4vvQYQ9tt3PYw4J2n/IW8Jn8lvyP/IHnKX0hdpJbaVnepJwSdmVHL+qpK1VKpqiTTnyXjbLG9/c8LH3znu9/7/g8+vHjphz/68U9+evmjnz3M0uV8EB8N0iSdP+73sjgZT+OjxXiRxI9n87g36Sfxo/6rBn7+6CSeZ+N02lm8ncVPJ73RdH </latexit>

U(a,b)
def.
=

�
P 2 Rn⇥m

+ ; P1m = a,P>1n = b
 

<latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

xi

yj
C i,j

<latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit>

[Kantorovich 1942]

min
nP

i,j Ci,jPi,j ; P 2 U(a,b)
o

<latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit>



Kantorovitch’s Formulation

Points (xi)i, (yj)j

Input distributions

↵ =
Pn

i=1 ai�xi � =
Pm

j=1 bj�yj

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc=">AABByXictVxblxO5ERab20JubPKYl05myWFzWDJM9pxc9uScHTzDMIsXDPYAyxo4vvQYQ9tt3PYw4J2n/IW8Jn8lvyP/IHnKX0hdpJbaVnepJwSdmVHL+qpK1VKpqiTTnyXjbLG9/c8LH3znu9/7/g8+vHjphz/68U9+evmjnz3M0uV8EB8N0iSdP+73sjgZT+OjxXiRxI9n87g36Sfxo/6rBn7+6CSeZ+N02lm8ncVPJ73RdH </latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc=">AABByXictVxblxO5ERab20JubPKYl05myWFzWDJM9pxc9uScHTzDMIsXDPYAyxo4vvQYQ9tt3PYw4J2n/IW8Jn8lvyP/IHnKX0hdpJbaVnepJwSdmVHL+qpK1VKpqiTTnyXjbLG9/c8LH3znu9/7/g8+vHjphz/68U9+evmjnz3M0uV8EB8N0iSdP+73sjgZT+OjxXiRxI9n87g36Sfxo/6rBn7+6CSeZ+N02lm8ncVPJ73RdH </latexit>

U(a,b)
def.
=

�
P 2 Rn⇥m

+ ; P1m = a,P>1n = b
 

<latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit><latexit sha1_base64="kzj0wPD/kexOzeTHYdqyAzdpsr8="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

xi

yj
C i,j

<latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit><latexit sha1_base64="+gqUeBMqh//kFsJpvu4nMObDQuc="></latexit>

[Kantorovich 1942]

min
nP

i,j Ci,jPi,j ; P 2 U(a,b)
o

<latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit><latexit sha1_base64="VClFDfnRUKQwWstzBSBWzuPUPjQ="></latexit>

Georges 
Dantzig! Linear program, simplex O(n3 log(n)).

<latexit sha1_base64="46vHVg/pxZfHzNCaXf5LVfqm/7U="></latexit><latexit sha1_base64="46vHVg/pxZfHzNCaXf5LVfqm/7U="></latexit><latexit sha1_base64="46vHVg/pxZfHzNCaXf5LVfqm/7U="></latexit><latexit sha1_base64="46vHVg/pxZfHzNCaXf5LVfqm/7U="></latexit><latexit sha1_base64="46vHVg/pxZfHzNCaXf5LVfqm/7U="></latexit>



Monge (1784):
<latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit>

Kantorovitch’s Exact Relaxation

min
�2Permn

nX

i=1

Ci,�(i)

<latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit>

�
<latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit>xi

<latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit> yj
<latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit>

� =
Pn

j=1 �yj
<latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit>

↵ =
Pn

i=1 �xi
<latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit>



Monge (1784):
<latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit>

Kantorovitch’s Exact Relaxation

min
�2Permn

nX

i=1

Ci,�(i)

<latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit>

�
<latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit>xi

<latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit> yj
<latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit>

Kantorovitch (1942):
<latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit>

>
<latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit>

(r
el
ax

at
io
n
)

<latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="0tr66ho5RmqbHjRupaTbkUYSLws="></latexit><latexit sha1_base64="NUqIxnfN/hCMgR95rGT4R7+N2U4="></latexit><latexit sha1_base64="NUqIxnfN/hCMgR95rGT4R7+N2U4="></latexit><latexit sha1_base64="IB14c19S5uuuw0JbfV/KVPVlxGQ="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit>

min
P2Bistn

nX

i=1

nX

j=1

Pi,jCi,j

<latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit>

Bi-stochastic matrices:
<latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit>

Bistn
def.
=

�
P 2 Rn⇥n

+ ; P1 = 1,P>1 = 1
 

<latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit>

Permutations “⇢”
<latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit>

� =
Pn

j=1 �yj
<latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit>

↵ =
Pn

i=1 �xi
<latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit>



Monge (1784):
<latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit>

n! permutations
<latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit>

O(n3) algorithm
<latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit>

Kantorovitch’s Exact Relaxation

min
�2Permn

nX

i=1

Ci,�(i)

<latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit>

�
<latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit>xi

<latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit> yj
<latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit>

Kantorovitch (1942):
<latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit>

>
<latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit>

(r
el
ax

at
io
n
)

<latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="0tr66ho5RmqbHjRupaTbkUYSLws="></latexit><latexit sha1_base64="NUqIxnfN/hCMgR95rGT4R7+N2U4="></latexit><latexit sha1_base64="NUqIxnfN/hCMgR95rGT4R7+N2U4="></latexit><latexit sha1_base64="IB14c19S5uuuw0JbfV/KVPVlxGQ="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit>

min
P2Bistn

nX

i=1

nX

j=1

Pi,jCi,j

<latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit>

Bi-stochastic matrices:
<latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit>

Bistn
def.
=

�
P 2 Rn⇥n

+ ; P1 = 1,P>1 = 1
 

<latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit>

Permutations “⇢”
<latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit>

� =
Pn

j=1 �yj
<latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit>

↵ =
Pn

i=1 �xi
<latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit>



Monge (1784):
<latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit><latexit sha1_base64="4em3xVJ/KwPVYxTU4rHFOirPd8E="></latexit>

John  
von Neumann

George David  
Birkhoff

n! permutations
<latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit><latexit sha1_base64="FpF/yIIF10mrIAzpJoxtJO3DXQM="></latexit>

O(n3) algorithm
<latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit><latexit sha1_base64="E5UrblKdTajBJeA+caTcOqhquMw="></latexit>

“Monge , Kantorovitch”
<latexit sha1_base64="NNSGSaT1RAGw0E6wwEr1/Kdeyu4="></latexit><latexit sha1_base64="NNSGSaT1RAGw0E6wwEr1/Kdeyu4="></latexit><latexit sha1_base64="NNSGSaT1RAGw0E6wwEr1/Kdeyu4="></latexit><latexit sha1_base64="NNSGSaT1RAGw0E6wwEr1/Kdeyu4="></latexit><latexit sha1_base64="NNSGSaT1RAGw0E6wwEr1/Kdeyu4="></latexit>

Theorem: [Birkho↵-von Neumann]
<latexit sha1_base64="/F9PbNqF2DKVK7Cq5WdUABEuHv4="></latexit><latexit sha1_base64="/F9PbNqF2DKVK7Cq5WdUABEuHv4="></latexit><latexit sha1_base64="/F9PbNqF2DKVK7Cq5WdUABEuHv4="></latexit><latexit sha1_base64="/F9PbNqF2DKVK7Cq5WdUABEuHv4="></latexit><latexit sha1_base64="/F9PbNqF2DKVK7Cq5WdUABEuHv4="></latexit>

Kantorovitch’s Exact Relaxation

min
�2Permn

nX

i=1

Ci,�(i)

<latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit><latexit sha1_base64="ynhxBArDCEKF4mvE6oH3oYSg0G4="></latexit>

�
<latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit><latexit sha1_base64="q6ZsACa7ksLxQ6laNJc690EL4kA="></latexit>xi

<latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit><latexit sha1_base64="kOc6FNNXo1QRpdf/p6XBHRHVaqo="></latexit> yj
<latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit><latexit sha1_base64="4Lv3HVyiovR9JImfuGFkjiamnwk="></latexit>

Kantorovitch (1942):
<latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit><latexit sha1_base64="LNhEyNXryDo/fjOAm9UQ+mqoPtY="></latexit>

>
<latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit><latexit sha1_base64="5tvI0uwjU9kDa+W6Q284vCF+k1c="></latexit>

(r
el
ax

at
io
n
)

<latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="0tr66ho5RmqbHjRupaTbkUYSLws="></latexit><latexit sha1_base64="NUqIxnfN/hCMgR95rGT4R7+N2U4="></latexit><latexit sha1_base64="NUqIxnfN/hCMgR95rGT4R7+N2U4="></latexit><latexit sha1_base64="IB14c19S5uuuw0JbfV/KVPVlxGQ="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit><latexit sha1_base64="gL1NXeCvMlkXDBQbohUGzrRwzr4="></latexit>

min
P2Bistn

nX

i=1

nX

j=1

Pi,jCi,j

<latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit><latexit sha1_base64="sdO0FY9u3qW0CR1PS2diO3ogZog="></latexit>

Bi-stochastic matrices:
<latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit><latexit sha1_base64="h61IQDtzuqpsEKgohN1vJKwaaqY="></latexit>

Bistn
def.
=

�
P 2 Rn⇥n

+ ; P1 = 1,P>1 = 1
 

<latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit><latexit sha1_base64="MQaqQfm3zs9G86ntq5E05xsIOh4="></latexit>

Permutations “⇢”
<latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit><latexit sha1_base64="wuq4kKLk1IHoc+BlrqqYdTlxFVU="></latexit>

� =
Pn

j=1 �yj
<latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit><latexit sha1_base64="w5a4iQRqOewbzJatDvcQ6Kh0mek="></latexit>

↵ =
Pn

i=1 �xi
<latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit><latexit sha1_base64="ezP0eoP3WwPzUVfpfgYNSe3Kz5A="></latexit>



Optimal Transport Distances
�

↵

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit> ⇡ =

P
i,j Pi,j�xi,yj

<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>

⇡
<latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit>

Wp(↵,�)
p def.
= min

⇡2M1
+(X 2)

⇢Z

X 2

d(x, y)pd⇡(x, y) ; ⇡1 = ↵,⇡2 = �

�

<latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit>

c(x, y) = d(x, y)p
<latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit>



Optimal Transport Distances
�

↵

Theorem:
<latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit>

Wp is a distance and
<latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit>

↵n * � , Wp(↵n,�) ! 0
<latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit> ⇡ =

P
i,j Pi,j�xi,yj

<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>

⇡
<latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit>

Wp(↵,�)
p def.
= min

⇡2M1
+(X 2)

⇢Z

X 2

d(x, y)pd⇡(x, y) ; ⇡1 = ↵,⇡2 = �

�

<latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit><latexit sha1_base64="lJUzn7m52pXEhLImUg62Dqwze80="></latexit>

Weak⇤ (aka in law) convergence:
<latexit sha1_base64="mMi26swW+K5N6QlI/s1SYmmy6Xk=">AABDIHictVxLcxu5EYY3j107L29yzGWyslP2luNIylYlla1UrfWwrLVsyyYle3dlu4bkiKY14tAcUrLN1T2/I </latexit><latexit sha1_base64="mMi26swW+K5N6QlI/s1SYmmy6Xk=">AABDIHictVxLcxu5EYY3j107L29yzGWyslP2luNIylYlla1UrfWwrLVsyyYle3dlu4bkiKY14tAcUrLN1T2/I </latexit><latexit sha1_base64="mMi26swW+K5N6QlI/s1SYmmy6Xk=">AABDIHictVxLcxu5EYY3j107L29yzGWyslP2luNIylYlla1UrfWwrLVsyyYle3dlu4bkiKY14tAcUrLN1T2/I </latexit><latexit sha1_base64="mMi26swW+K5N6QlI/s1SYmmy6Xk=">AABDIHictVxLcxu5EYY3j107L29yzGWyslP2luNIylYlla1UrfWwrLVsyyYle3dlu4bkiKY14tAcUrLN1T2/I </latexit>

,
<latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit>

8 f 2 C(X ),
<latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit>

vs.
<latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit>

. . .�x1
<latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit>

�x2
<latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit>

�x3
<latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit>

�x
<latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit>

R
X fd↵n !

R
X fd�

<latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit>

↵n * �
<latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit>

||�xn � �x||1 = 2
<latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit>

Wp(�xn , �x) = d(xn, x)
<latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit>

c(x, y) = d(x, y)p
<latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit><latexit sha1_base64="gd3QR9R3uAKQlv4GqA6DCebdKRA="></latexit>
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A Glimpse at Algorithms

Linear programming: O(n3 log(n)2)

Hungarian/Auction: O(n3)

� = 1
n
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�

↵

�
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1-D case: sorting O(n log(n)).

p = 1
d = || · ||
! min-cost flow, on graphs O(n2 log(n)).

W1(↵,�) = min
div(u)=↵��

R
||u(x)||dx

<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>



Monge-Ampère/Benamou-Brenier, d = || · ||22.
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<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>



Monge-Ampère/Benamou-Brenier, d = || · ||22.
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<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>



Monge-Ampère/Benamou-Brenier, d = || · ||22.

Semi-discrete: Laguerre cells, d = || · ||22.
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n
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1-D case: sorting O(n log(n)).

p = 1
d = || · ||
! min-cost flow, on graphs O(n2 log(n)).

W1(↵,�) = min
div(u)=↵��

R
||u(x)||dx

<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>

Entropic regularization: generic d.
<latexit sha1_base64="IDCxI0CMvL2Ph1YO5pKzLl/X/Qg="> </latexit><latexit sha1_base64="IDCxI0CMvL2Ph1YO5pKzLl/X/Qg="> </latexit><latexit sha1_base64="IDCxI0CMvL2Ph1YO5pKzLl/X/Qg="> </latexit><latexit sha1_base64="IDCxI0CMvL2Ph1YO5pKzLl/X/Qg=">AABB53ictVxLcxxJES4vr7V5eeHIpUE24SWMkMRGQLBBxMqSbGst27JnJHt3ZTvm0Rq33Zoed8/Ij1n9Ag7cCK78BK5w4HfwD+DEXyAfVV3VM9Wd1cK4QlJ1TX2ZWdlVWZlZNe5P0qSYrq3988IH3/jmt779nQ8vXvru977/gx9e/uhHh0U2ywfxwSBLs/xxv1fEaTKOD6bJNI0fT/K4d9JP40f9l1v4+aPTOC+SbNydvp3ET0 </latexit><latexit sha1_base64="IDCxI0CMvL2Ph1YO5pKzLl/X/Qg=">AABB53ictVxLcxxJES4vr7V5eeHIpUE24SWMkMRGQLBBxMqSbGst27JnJHt3ZTvm0Rq33Zoed8/Ij1n9Ag7cCK78BK5w4HfwD+DEXyAfVV3VM9Wd1cK4QlJ1TX2ZWdlVWZlZNe5P0qSYrq3988IH3/jmt779nQ8vXvru977/gx9e/uhHh0U2ywfxwSBLs/xxv1fEaTKOD6bJNI0fT/K4d9JP40f9l1v4+aPTOC+SbNydvp3ET0 </latexit>



Overview

•Monge Formulation 

•Continuous Optimal Transport 

•Kantorovitch Formulation 

•Applications



Wasserstein Barycenters

� 2 ⌃3 min
↵

P
s �sW

p
p(↵,↵s)

<latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit>

P
s �s↵s

<latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit>

Wasserstein
<latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="aQWLzY+NTu5l4qVjSbEKKeqJbT8="></latexit><latexit sha1_base64="IfcPdcfEZ93IewnOsw+o1Y08Nrs="></latexit><latexit sha1_base64="IfcPdcfEZ93IewnOsw+o1Y08Nrs="></latexit><latexit sha1_base64="3qlfl2judgKtm9DQTQaIdMkWm+g="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit>

Euclidean
<latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit>

↵1
<latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit>

↵2
<latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit>

↵3
<latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit>

Martial Agueh

Barycenters of measures (↵s)Ss=1:
<latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit>

P
s �s = 1

<latexit sha1_base64="gp0r7NFFOnEdlcEkqhldMsRdXkA="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit>

<latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="NrvueCyY/slmsn9VM3LdPoErJ0w="></latexit>

↵? 2 argmin
↵

P
s �sW

p
p(↵,↵s)

<latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit>

Guillaume Carlier



Wasserstein Barycenters

� 2 ⌃3 min
↵

P
s �sW

p
p(↵,↵s)

<latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit><latexit sha1_base64="Q4qTXYBroUdx8RK9F9wyX/e8L1k="></latexit>

P
s �s↵s

<latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit><latexit sha1_base64="+oYwV/ntLa7OHQsm4CWCEEaEoqA="></latexit>

Wasserstein
<latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="aQWLzY+NTu5l4qVjSbEKKeqJbT8="></latexit><latexit sha1_base64="IfcPdcfEZ93IewnOsw+o1Y08Nrs="></latexit><latexit sha1_base64="IfcPdcfEZ93IewnOsw+o1Y08Nrs="></latexit><latexit sha1_base64="3qlfl2judgKtm9DQTQaIdMkWm+g="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit><latexit sha1_base64="S8szCcvTdrH5gWVErPxKr5Nhfgo="></latexit>

Euclidean
<latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit><latexit sha1_base64="3LrtNIs37nclN6fTvJzs0OxOBgI="></latexit>

↵1
<latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit><latexit sha1_base64="T+Pmv5LDOkLawyFmur1rzuD2eMk="></latexit>

↵2
<latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit>

↵3
<latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit><latexit sha1_base64="FTv+1dunknjv70OwobC2G97Ttnw="></latexit>

Martial Agueh

Barycenters of measures (↵s)Ss=1:
<latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit><latexit sha1_base64="aWctZO2noes+qr85LKWAw15STZo="></latexit>

P
s �s = 1

<latexit sha1_base64="gp0r7NFFOnEdlcEkqhldMsRdXkA="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit>

<latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="NrvueCyY/slmsn9VM3LdPoErJ0w="></latexit>

↵? 2 argmin
↵

P
s �sW

p
p(↵,↵s)

<latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit><latexit sha1_base64="YAH1dIwLCmW2H0cSZCl/xE4tkjM="></latexit>
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Examples

[Solomon et al, SIGGRAPH 2015]



MRI Data Procesing [with A. Gramfort]

L2 barycenter

W 2
2 barycenter

Ground cost c = dM : geodesic on cortical surface M .
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Generalizations: Gradient Flows
Implicit stepping:
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Felix Otto

David Kinderlehrer

Richard Jordan

↵t+⌧ = argmin
↵

Wp
p(↵t,↵) + ⌧f(↵)
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Gradient Flows Simulation

https://www.youtube.com/watch?v=tDQw21ntR64
Tim Whittaker (New Zealand)
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Tim Whittaker (New Zealand)



Bag of Words

Dist(D1, D2) = W2(↵,�)
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Word mover’s distance: [Kusner et al 2015]
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Density Fitting and Generative Models
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Density fitting:

Maximum
likelihood (MLE)

d↵✓(x) = ⇢✓(x)dx
<latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit>

min
✓

cKL(↵✓|�)
def.
= �

X

i

log(⇢✓(xi))
<latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit>



Density Fitting and Generative Models

✓
Parametric model: ✓ 7! ↵✓

<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit> �

<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit> xi
<latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit>

Density fitting:

Maximum
likelihood (MLE)

d↵✓(x) = ⇢✓(x)dx
<latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit>

min
✓

cKL(↵✓|�)
def.
= �

X

i

log(⇢✓(xi))
<latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit><latexit sha1_base64="Qc2k/OcBjYpovF9EvML6zljS+xU="></latexit>

g✓

XZ

⇣

Generative model fit:

! MLE undefined.
! Need a weaker metric.

↵✓ = g✓,]⇣
<latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

min
✓

W
p
",p(↵✓,�)

<latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit>

cKL(↵✓|�) = +1
<latexit sha1_base64="5xfub50sQWjZiNCuF8KLc7J1s5M="></latexit><latexit sha1_base64="5xfub50sQWjZiNCuF8KLc7J1s5M="></latexit><latexit sha1_base64="5xfub50sQWjZiNCuF8KLc7J1s5M="></latexit><latexit sha1_base64="5xfub50sQWjZiNCuF8KLc7J1s5M="></latexit><latexit sha1_base64="5xfub50sQWjZiNCuF8KLc7J1s5M="></latexit>



Deep Discriminative vs Generative Models

✓1
✓2⇢

⇢

z
xg✓

⇢ ⇢

z
xD

is
cr
im

in
at
iv
e

G
en

er
at
iv
e

d⇠

⇠1 ⇠2

g✓(z) = ⇢(✓K(. . . ⇢(✓2(⇢(✓1(z) . . .)
Deep networks:

d⇠(x) = ⇢(⇠K(. . . ⇢(⇠2(⇢(⇠1(x) . . .)



Deep Discriminative vs Generative Models

✓1
✓2⇢

⇢

z
xg✓

⇢ ⇢

z
xD

is
cr
im

in
at
iv
e

G
en

er
at
iv
e

z1

z2

g✓

Z

xz

X
d⇠

d⇠

⇠1 ⇠2

g✓(z) = ⇢(✓K(. . . ⇢(✓2(⇢(✓1(z) . . .)
Deep networks:

d⇠(x) = ⇢(⇠K(. . . ⇢(⇠2(⇢(⇠1(x) . . .)



Examples of Images Generation

(a) WGAN MNIST (b) WGAN CelebA (c) WGAN LSUN

(d) MMD GAN MNIST (e) MMD GAN CelebA (f) MMD GAN LSUN

Figure 2: Generated samples from WGAN and MMD GAN on MNIST, CelebA, and LSUN bedroom
datasets.

digits in Figure 1c are more natural with smooth outline and sharper strike. For CIFAR-10 dataset,
both GMMN variants fail to generate meaningful images, but resulting some low level visual features.
We observe similar cases in other complex large-scale datasets such as CelebA and LSUN bedrooms,
thus results are omitted. On the other hand, the proposed MMD GAN successfully outputs natural
images with sharp boundary and high diversity. The results in Figure 1 confirm the success of the
proposed adversarial learned kernels to enrich statistical testing power, which is the key difference
between GMMN and MMD GAN.

If we increase the batch size of GMMN to 1024, the image quality is improved, however, it is still
not competitive to MMD GAN with B = 64. The images are put in Appendix C. This demonstrates
that the proposed MMD GAN can be trained more efficiently than GMMN with smaller batch size.

Comparisons with GANs: There are several representative extensions of GANs. We consider
recent state-of-art WGAN [8] based on DCGAN structure [34], because of the connection with MMD
GAN discussed in Section 4. The results are shown in Figure 2. For MNIST, the digits generated
from WGAN in Figure 2a are more unnatural with peculiar strikes. In Contrary, the digits from
MMD GAN in Figure 2d enjoy smoother contour. Furthermore, both WGAN and MMD GAN
generate diversified digits, avoiding the mode collapse problems appeared in the literature of training
GANs. For CelebA, we can see the difference of generated samples from WGAN and MMD GAN.
Specifically, we observe varied poses, expressions, genders, skin colors and light exposure in Figure
2b and 2e. By a closer look (view on-screen with zooming in), we observe that faces from WGAN
have higher chances to be blurry and twisted while faces from MMD GAN are more spontaneous with
sharp and acute outline of faces. As for LSUN dataset, we could not distinguish salient differences
between the samples generated from MMD GAN and WGAN.

5.2 Quantitative Analysis

To quantitatively measure the quality and diversity of generated samples, we compute the inception
score [28] on CIFAR-10 images. The inception score is used for GANs to measure samples quality
and diversity on the pretrained inception model [28]. Models that generate collapsed samples have
a relatively low score. Table 1 lists the results for 50K samples generated by various unsupervised
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