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Implicit Euler Stepping

Metric space (X, d), minimize F(x) on X.
Implicit Euler step:

Tl = argmin d(zy, x)? + 7F(x)

Pla) = | on (& =R | -[p) {z; dzk, z) NT}



Implicit vs. Explicit Stepping

Metric space (X, d), minimize F'(z) on X.

Explicit Implicit
Tpe1 = argmin d(zy, 2)? + 7(VEF(xy), ©) T = argmin d(zy, 2)? + 7F (x)
xeX TEX

F(z) = |z[* on (X =R, [ - |)



Wasserstein Gradient Flows

Implicit Euler step: Jordan, Kinderlehrer, Otto 1998]
pes1 = Prox)(py) = argmin W3 (g, p) + 7 (1)
peM (X)

Formal limit 7 — 0: Oy = div (uV(f' (1))

f(p) = flog(i—g)du > O = Ap (heat diffusion)
flp) = [wdy > O0; 1 = div(pVuw) (advection)
f(p) = ﬁ f(g—/;)m—ldluq Ot = Ap™ (non-linear diffusion)
\ . } ; / N | Y

R 2 N1

. t AT -

Vw Evolution gy Vw Evolution gy



Euclidean L? flow Optimal transport flow

o — min &(f) —  If
o =W / O — a(sv(E ()
e =TIVIIF \ / = — [ f(log(f) ~ 1)

Heat equation: 8_{ _ 5 —
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Linear vs Non-linear Diffusions
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Eulerian vs. Lagrangian Discretization

Yo Al

3

A0V

U3 [ACRANGE 1313

— &




Lagrangian Discretization of Entropy

(x))dp(z)

du
dx




Lagrangian Discretization of Gradient Flows

min E(p) < / V(@)p(x)de + / o(x) log(p(z))da

P
d
Wasserstein flow of E: % = Ap; + V(Vpy)
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Gradient Flows: Crowd Motion

def.

per = argming, Wer(pe, p) + 7 (1)

N,
Congestion-inducing function: Y ¥
f(:u) = L]0,x] (,LL) + <w7 :u> v k,( \\ 4
[Maury, Roudneff-Chupin, Santambrogio 2010] ¥ Y | \\
" ¥
Proposition: Pr()x%f(,u) = min(e™ """, K) wa!

K= [ =0l



Crowd Motion on a Surface

X = triangulated mesh.

k= | e=0]oo k= 6] pri=0] oo

Potential cos(w)



Gradient Flows: Crowd Motion with Obstacles

X = sub-domain of RZ.

k= [pi=oloo K =2)p=0lcc K =4 pi=0loo K = 6]p=0]c0 Potent
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Crowd of Sheeps

https://www.youtube.com/watch?v=tDQOw21ntR64
Tim Whittaker (New Zealand)
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Unbalanced Transport

(61) € M (X)?, KL(EJ) = [y log (§5) dpu+ [ (dpr — dg)

def.

WE.(u,v) = min (c, m) + AKL(Pyy7|p) + AKL(Poy|v)
4 [Liereo, Mielke, Savaré 2015]

Proposition: It c(z,y) b log(cos(min(d(z,y), %))
then WF:/? is a distance on M (X).
[Liereo, Mielke, Savaré 2015] [Chizat, Schmitzer, Peyré, Vialard 2015]

— “Dynamic” Benamou-Brenier formulation.
[Liereo, Mielke, Savaré 2015] [Kondratyev, Monsaingeon, Vorotnikov, 2015]

[Chizat, Schmitzer, P, Vialard 2015]
' Balanced OT ' Unbalanced OT
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Generalized Entropic Regularization

Primal: min (d?, m) + f1(Py7) + fo(Poym) + EKL(WW0)>

Dual: max — fi(u)— f(v) —ele” =, Ke <)

U,V

w(z,y) = a(x)K(z,y)b(y)  (a,b) = (e7%,e77)

Block coordinates max — fi(u) —efe” %a Ke _§> (Z.)
relaxation: max—f2 (v) —ele” %7 K*e™
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Proposition: the solutions of (Z,,) and (Z,) read:
o Proxf /E(Kb) - Proxf /S(K* a)
Kb K*a
ProfoiL/s( ) = argmin, f1(v) + eKL(v|p)

— Only matrix-vector multiplications. — Highly parallelizable.
— On regular grids: only convolutions! Linear time iterations.




Generalized Sinkhorn

min > C;,;P;; —H(P)+ F(Pl,) + G(P"1,)
i
P KL K P KL KT
o PToXp (Kv) ond v o LIOXG (K u)
Kv K'u

YueRY, Proxh'(u) = argmin KL(u'|u) + F(u)
uw' eRY



