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Overview

• Linear Programming 

• PDE-based 

• Semi-discrete 

• Entropic Regularization



Linear Programming
Transportation polytope:

<latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit>

Linear program:
<latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit>

U(a,b)
def.
=

n
P 2 Rn⇥m

+ ; P1n = a,P>1m = b
o

<latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc=">AABCTHictVxfcxu3EYfSNonVf0770Ie+IFXcsVPHlV3PtJ1MZqJ/lhXLNm1StpOcrbkjT/TZRx7NO8qyGX6Cfqh+hD73G7RPnT70qdOZ7i6AA47EHXCqa4wkHIjf7mIPWOwuQEeTNMmLzc2/rr33ve//4P0PPryw/sMf/fgnP7340c8e5dls2o+P+lmaTZ9EYR6nyTg+KpIijZ9MpnE4itL4cfRyBz9/fBpP8yQb94o3k/jpKByOk5OkHxbQdHzxT0ERnxXzIDrhR4vLQXg1iK </latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc=">AABCTHictVxfcxu3EYfSNonVf0770Ie+IFXcsVPHlV3PtJ1MZqJ/lhXLNm1StpOcrbkjT/TZRx7NO8qyGX6Cfqh+hD73G7RPnT70qdOZ7i6AA47EHXCqa4wkHIjf7mIPWOwuQEeTNMmLzc2/rr33ve//4P0PPryw/sMf/fgnP7340c8e5dls2o+P+lmaTZ9EYR6nyTg+KpIijZ9MpnE4itL4cfRyBz9/fBpP8yQb94o3k/jpKByOk5OkHxbQdHzxT0ERnxXzIDrhR4vLQXg1iK </latexit>

C
<latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit>

U(a,b)
<latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit>

P?
<latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit>

Dantzig

min
nP

i,j Pi,jCi,j ; P 2 U(a,b)
o

<latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit>



Linear Programming
Transportation polytope:

<latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit><latexit sha1_base64="X6ulvMWAJ9TXq10fBRz8M+KnyUo="></latexit>
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<latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit><latexit sha1_base64="6K81TKRbGsC5Lqg6kSy+CEpMFfw="></latexit>

U(a,b)
def.
=

n
P 2 Rn⇥m

+ ; P1n = a,P>1m = b
o

<latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc=">AABCTHictVxfcxu3EYfSNonVf0770Ie+IFXcsVPHlV3PtJ1MZqJ/lhXLNm1StpOcrbkjT/TZRx7NO8qyGX6Cfqh+hD73G7RPnT70qdOZ7i6AA47EHXCqa4wkHIjf7mIPWOwuQEeTNMmLzc2/rr33ve//4P0PPryw/sMf/fgnP7340c8e5dls2o+P+lmaTZ9EYR6nyTg+KpIijZ9MpnE4itL4cfRyBz9/fBpP8yQb94o3k/jpKByOk5OkHxbQdHzxT0ERnxXzIDrhR4vLQXg1iK </latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc=">AABCTHictVxfcxu3EYfSNonVf0770Ie+IFXcsVPHlV3PtJ1MZqJ/lhXLNm1StpOcrbkjT/TZRx7NO8qyGX6Cfqh+hD73G7RPnT70qdOZ7i6AA47EHXCqa4wkHIjf7mIPWOwuQEeTNMmLzc2/rr33ve//4P0PPryw/sMf/fgnP7340c8e5dls2o+P+lmaTZ9EYR6nyTg+KpIijZ9MpnE4itL4cfRyBz9/fBpP8yQb94o3k/jpKByOk5OkHxbQdHzxT0ERnxXzIDrhR4vLQXg1iK </latexit>

�

↵

C
<latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit>

U(a,b)
<latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit>

P?
<latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit>

Dantzig

min
nP

i,j Pi,jCi,j ; P 2 U(a,b)
o

<latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit><latexit sha1_base64="m9otbWZuax0RVexEh0tCuKlf/HM="></latexit>

Theorem: 9P? solution extremal point of U(a,b)
<latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit>

|
�
(i, j) ; P?

i,j 6= 0
 
| 6 n+m� 1

<latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit>

Non-extremal
<latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit>

Extremal
<latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit>

Extremal points
<latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit>

, no cycle
<latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit>
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def.
=

n
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<latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc="></latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc=">AABCTHictVxfcxu3EYfSNonVf0770Ie+IFXcsVPHlV3PtJ1MZqJ/lhXLNm1StpOcrbkjT/TZRx7NO8qyGX6Cfqh+hD73G7RPnT70qdOZ7i6AA47EHXCqa4wkHIjf7mIPWOwuQEeTNMmLzc2/rr33ve//4P0PPryw/sMf/fgnP7340c8e5dls2o+P+lmaTZ9EYR6nyTg+KpIijZ9MpnE4itL4cfRyBz9/fBpP8yQb94o3k/jpKByOk5OkHxbQdHzxT0ERnxXzIDrhR4vLQXg1iK </latexit><latexit sha1_base64="kgzb7F/dqp5hDBRkgfKQpy5m0Rc=">AABCTHictVxfcxu3EYfSNonVf0770Ie+IFXcsVPHlV3PtJ1MZqJ/lhXLNm1StpOcrbkjT/TZRx7NO8qyGX6Cfqh+hD73G7RPnT70qdOZ7i6AA47EHXCqa4wkHIjf7mIPWOwuQEeTNMmLzc2/rr33ve//4P0PPryw/sMf/fgnP7340c8e5dls2o+P+lmaTZ9EYR6nyTg+KpIijZ9MpnE4itL4cfRyBz9/fBpP8yQb94o3k/jpKByOk5OkHxbQdHzxT0ERnxXzIDrhR4vLQXg1iK </latexit>

�

↵ ↵

�

C
<latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit><latexit sha1_base64="zDfqTu1hnhdhdSbE0NyoanAEuJ4="></latexit>

U(a,b)
<latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit><latexit sha1_base64="9uFgJCJa+kYCJ4gVg2K7eo+nAU8="></latexit>

P?
<latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit><latexit sha1_base64="a218qhWrabXeMoRQ9HdlOxITn7k="></latexit>
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<latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit><latexit sha1_base64="JA/RE4uu9jJEdBx1teVtxneHgyM="></latexit>

|
�
(i, j) ; P?

i,j 6= 0
 
| 6 n+m� 1

<latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit><latexit sha1_base64="2JJE5uCU0d/Msd9DgULYR777guY="></latexit>

Non-extremal
<latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit><latexit sha1_base64="gDtKNhs+MOPaUQWO0hgEZ96VTPM="></latexit>

Extremal
<latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit><latexit sha1_base64="oQQYP7tHslGDlt2DrKbDWt4WQE0="></latexit>

Extremal points
<latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit><latexit sha1_base64="q1mBbdumzVzvof8X3K+A1uw1cIA="></latexit>

, no cycle
<latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit><latexit sha1_base64="8Ktbbs3GpXG5DVwud+sAoHQ7hA0="></latexit>

Example: if n = n, a = b = 1/n, P? permutation matrix.
<latexit sha1_base64="t3h6PFFABqrsmdjCP2y5PlfUjMw="> </latexit><latexit sha1_base64="t3h6PFFABqrsmdjCP2y5PlfUjMw="> </latexit><latexit sha1_base64="t3h6PFFABqrsmdjCP2y5PlfUjMw="> </latexit><latexit sha1_base64="t3h6PFFABqrsmdjCP2y5PlfUjMw="></latexit><latexit sha1_base64="t3h6PFFABqrsmdjCP2y5PlfUjMw="></latexit>

! ⇠ n! extremal points.
<latexit sha1_base64="dtJPyZ/B741w/QuUPVDrOsbe46E="></latexit><latexit sha1_base64="dtJPyZ/B741w/QuUPVDrOsbe46E="></latexit><latexit sha1_base64="dtJPyZ/B741w/QuUPVDrOsbe46E="></latexit><latexit sha1_base64="dtJPyZ/B741w/QuUPVDrOsbe46E="></latexit><latexit sha1_base64="dtJPyZ/B741w/QuUPVDrOsbe46E="></latexit>



Interior Point Methods
Linear programming:

<latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit>

x0 2 argmin
x

{hx, ci ; i = 1, . . . ,m, hai, xi 6 bi}
<latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit>

ha 1
, x
i =

b 1

<latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit>

ha
2 ,
xi

=
b
2

<latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit>

ha3 , xi = b3
<latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit>

x0
<latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit>

c
<latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit>



Interior Point Methods
Linear programming:

<latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit>

x0 2 argmin
x

{hx, ci ; i = 1, . . . ,m, hai, xi 6 bi}
<latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit>

ha 1
, x
i =

b 1

<latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit>

ha
2 ,
xi

=
b
2

<latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit>

ha3 , xi = b3
<latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit>

x0
<latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit>

x"
<latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit><latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit><latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit><latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit>

Log-barrier approximation:
<latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit><latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit><latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit><latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit>

"
!

0
<latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit><latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit><latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit><latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit>

x"
def.
= argmin

x
hx, ci � "

P
i log(bi � hai, xi)

<latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit><latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit><latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit><latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit>

c
<latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit>



Interior Point Methods
Linear programming:

<latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit><latexit sha1_base64="a1yjkSMtMUZ1TUL90f5fiPiWJek="></latexit>

Arkadi  
Nemirovski

Yurii  
Nesterov

x0 2 argmin
x

{hx, ci ; i = 1, . . . ,m, hai, xi 6 bi}
<latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit><latexit sha1_base64="DKGTCQP6e3i/oe7W46r1QTu/TEc="></latexit>

Interior point method:
<latexit sha1_base64="lsfB2j+kwlsTsMdJrYGb1OZHqoc="></latexit><latexit sha1_base64="lsfB2j+kwlsTsMdJrYGb1OZHqoc="></latexit><latexit sha1_base64="lsfB2j+kwlsTsMdJrYGb1OZHqoc="></latexit><latexit sha1_base64="lsfB2j+kwlsTsMdJrYGb1OZHqoc="></latexit>

O(
p
m log(m⌧ )) Newton iterations computes

<latexit sha1_base64="23UXMnp0FIaCxlNKcTG0V4xBe+0="></latexit><latexit sha1_base64="23UXMnp0FIaCxlNKcTG0V4xBe+0="></latexit><latexit sha1_base64="23UXMnp0FIaCxlNKcTG0V4xBe+0="></latexit><latexit sha1_base64="23UXMnp0FIaCxlNKcTG0V4xBe+0="></latexit>

feasible x̂" with hx̂" � x0, ci 6 ⌧
<latexit sha1_base64="9GWh3Xrrbhp9W+/vL0oMsphoa64="></latexit><latexit sha1_base64="9GWh3Xrrbhp9W+/vL0oMsphoa64="></latexit><latexit sha1_base64="9GWh3Xrrbhp9W+/vL0oMsphoa64="></latexit><latexit sha1_base64="9GWh3Xrrbhp9W+/vL0oMsphoa64="></latexit>

ha 1
, x
i =

b 1

<latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit><latexit sha1_base64="cWXr3qqkbrKWFFwsDjIpDSdFnLc="></latexit>

ha
2 ,
xi

=
b
2

<latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit><latexit sha1_base64="yUpWAXcOEBtQ/coh0A6k/rzBNXQ="></latexit>

ha3 , xi = b3
<latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit><latexit sha1_base64="UYf4Hm+HSf9cJnvm6EcyXitHgOQ="></latexit>

x0
<latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit><latexit sha1_base64="wGx/RlXbgmo/51gLjTGW9BEKQ8Y="></latexit>

x"
<latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit><latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit><latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit><latexit sha1_base64="rENQTv/qW7g8RPXwG6xKH7On+xA="></latexit>

Log-barrier approximation:
<latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit><latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit><latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit><latexit sha1_base64="F3rF3245U+DNV9oQdufQaeWm2Lk="></latexit>

"
!

0
<latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit><latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit><latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit><latexit sha1_base64="m+T2FYhM+mlb7bS5yxfHop4EoHw="></latexit>

x"
def.
= argmin

x
hx, ci � "

P
i log(bi � hai, xi)

<latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit><latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit><latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit><latexit sha1_base64="PFlwwpgXvKxR1yw8d6o75D49QEo="></latexit>

c
<latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit><latexit sha1_base64="76KGhzCuW8GieWmep2exlwvzB+w="></latexit>



Network Flow

i
<latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit>

j
<latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit>wi,j

<latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit>

Divergence on a graph:
<latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit>

Min-cost flow:
<latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit>

div(s)i
def.
=

P
(i,k)2G si,k �

P
(k,i)2G sk,i

<latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit>

min
s>0

{hs, wi ; div(s) = h}
<latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit>



Network Flow

i
<latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit>

j
<latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit>wi,j

<latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit>

Divergence on a graph:
<latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit>

Min-cost flow:
<latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit>

div(s)i
def.
=

P
(i,k)2G si,k �

P
(k,i)2G sk,i

<latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit>

min
s>0

{hs, wi ; div(s) = h}
<latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit>

Optimal transport: bi-partite graph.
<latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit>

�a
<latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit>

b
<latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit>

wi,j = Ci,j
<latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit>

h = (�a,b)
<latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit>

s = P
<latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit>



Network Flow

i
<latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit><latexit sha1_base64="C3HSIygLm7jMq8Lhb9ojN1NPja8="> </latexit>

j
<latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit><latexit sha1_base64="eDnfQlI31Lvn2tVMko4YvhA377k="></latexit>wi,j

<latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit><latexit sha1_base64="tY7X9A3IWDQJOoZ+4Bi8JwmewQo="></latexit>

Divergence on a graph:
<latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit><latexit sha1_base64="dBMQBiSFxspmMm8mDO4uKCkbwlU="></latexit>

Min-cost flow:
<latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit><latexit sha1_base64="9oxBRtD7RPcHf2q5H6I/KhSW85U="></latexit>

Robert Endre  
Tarjan

James Orlin

O(V E log V log(V ||C||1))
<latexit sha1_base64="jlN1d6cvyULszNNcnWv6ou55oJ8="></latexit><latexit sha1_base64="jlN1d6cvyULszNNcnWv6ou55oJ8="></latexit><latexit sha1_base64="jlN1d6cvyULszNNcnWv6ou55oJ8="></latexit><latexit sha1_base64="jlN1d6cvyULszNNcnWv6ou55oJ8="></latexit>

Theorem: on a graph with E edges and V vertices,
<latexit sha1_base64="V0s3Fe1TWHq2kfQmS5fqLcnnpXk="></latexit><latexit sha1_base64="V0s3Fe1TWHq2kfQmS5fqLcnnpXk="></latexit><latexit sha1_base64="V0s3Fe1TWHq2kfQmS5fqLcnnpXk="></latexit><latexit sha1_base64="V0s3Fe1TWHq2kfQmS5fqLcnnpXk="></latexit><latexit sha1_base64="V0s3Fe1TWHq2kfQmS5fqLcnnpXk="></latexit>

9 a network simplex algorithm of complexity
<latexit sha1_base64="Ce6TJH48k7XIDigegw5RTQaYTsY="></latexit><latexit sha1_base64="Ce6TJH48k7XIDigegw5RTQaYTsY="></latexit><latexit sha1_base64="Ce6TJH48k7XIDigegw5RTQaYTsY="></latexit><latexit sha1_base64="Ce6TJH48k7XIDigegw5RTQaYTsY="></latexit><latexit sha1_base64="Ce6TJH48k7XIDigegw5RTQaYTsY="></latexit>

if Ci,j 2 Z.
<latexit sha1_base64="xiWCnSr3qSReoZrOH4p9rDV5Msk="></latexit><latexit sha1_base64="xiWCnSr3qSReoZrOH4p9rDV5Msk="></latexit><latexit sha1_base64="xiWCnSr3qSReoZrOH4p9rDV5Msk="></latexit><latexit sha1_base64="xiWCnSr3qSReoZrOH4p9rDV5Msk="></latexit><latexit sha1_base64="xiWCnSr3qSReoZrOH4p9rDV5Msk="></latexit>

OT simplex: n = m, complexity O(n3 log(n)2).
<latexit sha1_base64="AejoIuAJGKViQbtT4Ck6L3QHqt0="></latexit><latexit sha1_base64="AejoIuAJGKViQbtT4Ck6L3QHqt0="></latexit><latexit sha1_base64="AejoIuAJGKViQbtT4Ck6L3QHqt0="></latexit><latexit sha1_base64="AejoIuAJGKViQbtT4Ck6L3QHqt0="></latexit><latexit sha1_base64="AejoIuAJGKViQbtT4Ck6L3QHqt0="></latexit>

div(s)i
def.
=

P
(i,k)2G si,k �

P
(k,i)2G sk,i

<latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit><latexit sha1_base64="sIg2OtSkoXE0GjnicawJgKs/a9E="></latexit>

min
s>0

{hs, wi ; div(s) = h}
<latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit><latexit sha1_base64="qW5ev+dVO7jefq77jS5oPF/njK8="></latexit>

Optimal transport: bi-partite graph.
<latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit><latexit sha1_base64="d8RDrJXR7ihTzwGcIDV562OpVsg="></latexit>

�a
<latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit><latexit sha1_base64="lMeVB/UoE5mDYWdYXOVtXa/zqfY="></latexit>

b
<latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit><latexit sha1_base64="uvq9+H9OLh+kXZKAMXH1IWXWSbY="></latexit>

wi,j = Ci,j
<latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit><latexit sha1_base64="g7e71hPEuJ2DmeZ1W31a607yS6M="></latexit>

h = (�a,b)
<latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit><latexit sha1_base64="YNoIS7hJbPDOOw7yro16zzGnJbQ="></latexit>

s = P
<latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit><latexit sha1_base64="CYJy8Z1M71AZz3NQNuOz54S24Nk="></latexit>



100 W1 Optimal Transport

f (a, b) and s

Figure 6.1: Example of computation of W1(a, b) on a planar graph with uniform weights wi,j = 1.
Left: potential f solution of (6.5) (increasing value from red to blue). The green color of the edges is
proportional to |(Òf)i,j |. Right: flow s solution of (6.6), where bold black edges display non-zero si,j ,
which saturate to wi,j = 1. These saturating flow edge on the right match the light green edge on the
left where |(Òf)i,j | = 1.

W1 as a Reduced Min-cost Flows
Ci,j = GeodDistw(i, j)

<latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit>

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

6.3. W1 on a Graph 99

the graph. The gradient operator Ò : Rn
æ RE is defined as

’ (i, j) œ E , (Òf)i,j

def.= fi ≠ fj .

A flow s = (si,j)i,j is defined on edges, and the divergence operator div : RE
æ Rn,

which is the adjoint of the gradient Ò, maps flows to vectors defined on vertices, and
is defined as

’ i œ J1, nK, div(s)i

def.=
ÿ

j:(i,j)œE

(si,j ≠ sj,i) œ Rn.

Problem (6.3) becomes, in the graph setting,

W1(a, b) = max
fœRn

I
nÿ

i=1
fi(ai ≠ bi) : ’(i, j) œ E , |(Òf)i,j | Æ wi,j

J

. (6.5)

The associated dual problem, which is the analogous of Formula (6.4), is then

W1(a, b) = min
sœRE

+

Y
]

[
ÿ

(i,j)œE

wi,jsi,j : div(s) = a ≠ b

Z
^

\ . (6.6)

This is a linear program and more precisely an instance of min-cost flow problems.
Highly e�cient dedicated simplex solvers have been devised to solve it, see for in-
stance [Ling and Okada, 2007]. Figure 6.1 shows an example of primal and dual solu-
tions. Formulation (6.6) is the so-called Beckman formulation [Beckmann, 1952], and
has been used and extended to define and study tra�c congestion models, see for in-
stance [Carlier et al., 2008].

ai 6= 0
<latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit>

bi 6= 0
<latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit>

si,j 6= 0
<latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit>

[Beckmann]
<latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit>

Martin Beckmann
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f (a, b) and s

Figure 6.1: Example of computation of W1(a, b) on a planar graph with uniform weights wi,j = 1.
Left: potential f solution of (6.5) (increasing value from red to blue). The green color of the edges is
proportional to |(Òf)i,j |. Right: flow s solution of (6.6), where bold black edges display non-zero si,j ,
which saturate to wi,j = 1. These saturating flow edge on the right match the light green edge on the
left where |(Òf)i,j | = 1.

W1 as a Reduced Min-cost Flows
Ci,j = GeodDistw(i, j)

<latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit><latexit sha1_base64="TXfcToHAWoD2Yv1jStLf2Nzu3hg="></latexit>

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

6.3. W1 on a Graph 99

the graph. The gradient operator Ò : Rn
æ RE is defined as

’ (i, j) œ E , (Òf)i,j

def.= fi ≠ fj .

A flow s = (si,j)i,j is defined on edges, and the divergence operator div : RE
æ Rn,

which is the adjoint of the gradient Ò, maps flows to vectors defined on vertices, and
is defined as

’ i œ J1, nK, div(s)i

def.=
ÿ

j:(i,j)œE

(si,j ≠ sj,i) œ Rn.

Problem (6.3) becomes, in the graph setting,

W1(a, b) = max
fœRn

I
nÿ

i=1
fi(ai ≠ bi) : ’(i, j) œ E , |(Òf)i,j | Æ wi,j

J

. (6.5)

The associated dual problem, which is the analogous of Formula (6.4), is then

W1(a, b) = min
sœRE

+

Y
]

[
ÿ

(i,j)œE

wi,jsi,j : div(s) = a ≠ b

Z
^

\ . (6.6)

This is a linear program and more precisely an instance of min-cost flow problems.
Highly e�cient dedicated simplex solvers have been devised to solve it, see for in-
stance [Ling and Okada, 2007]. Figure 6.1 shows an example of primal and dual solu-
tions. Formulation (6.6) is the so-called Beckman formulation [Beckmann, 1952], and
has been used and extended to define and study tra�c congestion models, see for in-
stance [Carlier et al., 2008].

ai 6= 0
<latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit><latexit sha1_base64="l2tSCwsm77Z/Pg2/VJaoxwKR7Ss="></latexit>

bi 6= 0
<latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit><latexit sha1_base64="AdKJKxKkWnVMHxk7i7DhGrfgaZ4="></latexit>

si,j 6= 0
<latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit><latexit sha1_base64="jgU/Nht9PLtll5WM2b47aVLKOq0="></latexit>

Wp in O(n3 log(n)2)
<latexit sha1_base64="S1n+Ri7UUMoPCa62Ulv1ugDSqcs=">AABB3HictVxLcxu5EYY3r7Xz8ibHvUwiOWWnHEfWblWS2krVypIsa01bsknZ3l3aKj5GNO0hh+aQ8oOrQw45pXLNX8g1+QX5HfkHySl/If0ABhgSM41RHKMkYUB83Y0eoNHdAN2dJMNstrHxzwsffOvb3/nu9z68eOn7P/jhj358+aOfPMrS+bQXH/XSJJ0+6XayOBmO46PZcJbETybTuDPqJvHj7stt/PzxaTzNhum4NXs7iZ </latexit><latexit sha1_base64="S1n+Ri7UUMoPCa62Ulv1ugDSqcs=">AABB3HictVxLcxu5EYY3r7Xz8ibHvUwiOWWnHEfWblWS2krVypIsa01bsknZ3l3aKj5GNO0hh+aQ8oOrQw45pXLNX8g1+QX5HfkHySl/If0ABhgSM41RHKMkYUB83Y0eoNHdAN2dJMNstrHxzwsffOvb3/nu9z68eOn7P/jhj358+aOfPMrS+bQXH/XSJJ0+6XayOBmO46PZcJbETybTuDPqJvHj7stt/PzxaTzNhum4NXs7iZ </latexit><latexit sha1_base64="S1n+Ri7UUMoPCa62Ulv1ugDSqcs=">AABB3HictVxLcxu5EYY3r7Xz8ibHvUwiOWWnHEfWblWS2krVypIsa01bsknZ3l3aKj5GNO0hh+aQ8oOrQw45pXLNX8g1+QX5HfkHySl/If0ABhgSM41RHKMkYUB83Y0eoNHdAN2dJMNstrHxzwsffOvb3/nu9z68eOn7P/jhj358+aOfPMrS+bQXH/XSJJ0+6XayOBmO46PZcJbETybTuDPqJvHj7stt/PzxaTzNhum4NXs7iZ </latexit><latexit sha1_base64="S1n+Ri7UUMoPCa62Ulv1ugDSqcs="></latexit><latexit sha1_base64="S1n+Ri7UUMoPCa62Ulv1ugDSqcs="></latexit>

W1 in O(n2 log(n)2)
<latexit sha1_base64="BcSKfkLmJi6CnmhHkRNTJ5PGrZk="></latexit><latexit sha1_base64="BcSKfkLmJi6CnmhHkRNTJ5PGrZk="></latexit><latexit sha1_base64="BcSKfkLmJi6CnmhHkRNTJ5PGrZk="></latexit><latexit sha1_base64="BcSKfkLmJi6CnmhHkRNTJ5PGrZk="></latexit><latexit sha1_base64="BcSKfkLmJi6CnmhHkRNTJ5PGrZk="></latexit>

Network simplex, E, V = O(n) (e.g. regular graph):
<latexit sha1_base64="robiEFxXGz+rn0GCeWqwdiIOwXA="></latexit><latexit sha1_base64="robiEFxXGz+rn0GCeWqwdiIOwXA="></latexit><latexit sha1_base64="robiEFxXGz+rn0GCeWqwdiIOwXA="></latexit><latexit sha1_base64="robiEFxXGz+rn0GCeWqwdiIOwXA="></latexit><latexit sha1_base64="robiEFxXGz+rn0GCeWqwdiIOwXA="></latexit>

[Beckmann]
<latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit><latexit sha1_base64="0wMAQ8lo2RHOMzzJ9sOU+UZkE8g="></latexit>
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to “small sets” having Hausdor� dimension smaller than d≠1 (e.g. hypersurfaces).
One can also consider costs of the form c(x, y) = h(x ≠ y) where h is a strictly
convex function.

Remark 2.25 (Monge-Ampère equation). For measures with densities, using (2.8),
one obtains that Ï is the unique (up to the addition of a constant) convex function
which solves the following Monge-Ampère-type equation

det(ˆ2Ï(x))fl—(ÒÏ(x)) = fl–(x) (2.31)

where ˆ2Ï(x) œ Rd◊d is the Hessian of Ï. The Monge-Ampère operator det(ˆ2Ï(x))
can be understood as a non-linear degenerate Laplacian. In the limit of small
displacements, Ï = Id + ÁÏ, one indeed recovers the Laplacian � as a linearization
since for smooth maps

det(ˆ2Ï(x)) = 1 + Á�Ï(x) + o(Á).

The convexity constraint forces det(ˆ2Ï(x)) Ø 0 and is necessary for this equation
to have a solution. There is a large body of literature on the theoretical analysis
of the Monge-Ampère equation, and in particular the regularity of its solution,
see for instance [Gutiérrez, 2016]; we refer the interested read to the review paper
by Ca�arelli [2003]. A major di�culty is that in full generality, solutions need
not be smooth, and one has to resort to the machinery of viscosity solution to
capture singularity, and even Alexandrov solutions when the input measures are
arbitrary (e.g. Dirac masses). Many solvers have been proposed in the simpler case
of the Monge-Ampère equation det(ÏÕÕ(x)) = f(x) for a fixed right-hand side f ,
see for instance [Benamou et al., 2016b] and the references therein. In particular,
capturing anisotropic convex functions requires a special care, and usual finite
di�erences can be inaccurate. For optimal transport, where f actually depends on
ÒÏ, the discretization of the equation (2.31), and the boundary condition result in
technical challenges outlined in [Benamou et al., 2014] and the references therein.
Note also that related solvers based on fixed points iterations have been applied to
image registration Haker et al. [2004].

2.6 Special Cases

In general, computing OT distances is numerically involved. Before detailing in Sections
3,4 and 7 di�erent numerical solvers, we first review special favorable cases where the
resolution of the OT problem is relatively easy.

Remark 2.26 (Binary Cost Matrix and 1-Norm). One can easily check that when the
cost matrix C is zero on the diagonal and 1 elsewhere, namely when C = 1n◊n ≠ Idn,

Monge-Ampère equation
↵

�d↵

dx
= ⇢↵,

d�

dx
= ⇢�
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to “small sets” having Hausdor� dimension smaller than d≠1 (e.g. hypersurfaces).
One can also consider costs of the form c(x, y) = h(x ≠ y) where h is a strictly
convex function.

Remark 2.25 (Monge-Ampère equation). For measures with densities, using (2.8),
one obtains that Ï is the unique (up to the addition of a constant) convex function
which solves the following Monge-Ampère-type equation

det(ˆ2Ï(x))fl—(ÒÏ(x)) = fl–(x) (2.31)

where ˆ2Ï(x) œ Rd◊d is the Hessian of Ï. The Monge-Ampère operator det(ˆ2Ï(x))
can be understood as a non-linear degenerate Laplacian. In the limit of small
displacements, Ï = Id + ÁÏ, one indeed recovers the Laplacian � as a linearization
since for smooth maps

det(ˆ2Ï(x)) = 1 + Á�Ï(x) + o(Á).

The convexity constraint forces det(ˆ2Ï(x)) Ø 0 and is necessary for this equation
to have a solution. There is a large body of literature on the theoretical analysis
of the Monge-Ampère equation, and in particular the regularity of its solution,
see for instance [Gutiérrez, 2016]; we refer the interested read to the review paper
by Ca�arelli [2003]. A major di�culty is that in full generality, solutions need
not be smooth, and one has to resort to the machinery of viscosity solution to
capture singularity, and even Alexandrov solutions when the input measures are
arbitrary (e.g. Dirac masses). Many solvers have been proposed in the simpler case
of the Monge-Ampère equation det(ÏÕÕ(x)) = f(x) for a fixed right-hand side f ,
see for instance [Benamou et al., 2016b] and the references therein. In particular,
capturing anisotropic convex functions requires a special care, and usual finite
di�erences can be inaccurate. For optimal transport, where f actually depends on
ÒÏ, the discretization of the equation (2.31), and the boundary condition result in
technical challenges outlined in [Benamou et al., 2014] and the references therein.
Note also that related solvers based on fixed points iterations have been applied to
image registration Haker et al. [2004].

2.6 Special Cases

In general, computing OT distances is numerically involved. Before detailing in Sections
3,4 and 7 di�erent numerical solvers, we first review special favorable cases where the
resolution of the OT problem is relatively easy.

Remark 2.26 (Binary Cost Matrix and 1-Norm). One can easily check that when the
cost matrix C is zero on the diagonal and 1 elsewhere, namely when C = 1n◊n ≠ Idn,

Monge-Ampère equation
↵

�d↵

dx
= ⇢↵,

d�

dx
= ⇢�
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–0 –1/4 –1/2 –3/4 –1

Figure 7.1: Displacement interpolation –t satisfying (7.2). Top: for two measures (–0, –1) with
densities with respect to the Lebesgue measure. Bottom: for two discrete empirical measures with the
same number of points (bottom).

the measure –t, that is defined as

ÎvtÎL2(–t) = (
⁄

Rd

Îvt(x)Î2 d–t(x))1/2.

This definition leads to the following minimal-path reformulation of W2, original intro-
duced by Benamou and Brenier [2000]

W
2
2(–0, –1) = min

(–t,vt)t sat. (7.1)

⁄ 1

0

⁄

Rd

Îvt(x)Î2 d–t(x)dt (7.2)

where –t is a scalar-valued measure and vt a vector-valued measure. Figure 7.1 shows
two examples of such paths of measures.

The formulation (7.2) is a non-convex formulation in the variables (–t, vt)t because
of the constraint (7.1) involving the product –tvt. Introducing a vector-valued measure
(often called the “momentum”)

Jt

def.= –tvt,

Benamou and Brenier showed in their landmark paper [2000] that it is instead convex
in the variable (–t, Jt)t when writing

W
2
2(–0, –1) = min

(–t,Jt)tœC(–0,–1)

⁄ 1

0

⁄

Rd

◊(–t(x), Jt(x))dxdt (7.3)

where we define the set of constraints as

C(–0, –1) def.=
;

(–t, Jt) : ˆ–t

ˆt
+ div(Jt) = 0, –t=0 = –0, –t=1 = –1

<
, (7.4)

t = 0 t = 1t = 1/2
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where the equation above should be understood in the sense of distributions on Rd. The
infinitesimal length of such a vector field is measured using the L2 norm associated to
the measure –t, that is defined as

ÎvtÎL2(–t) =
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Îvt(x)Î2 d–t(x)
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.

This definition leads to the following minimal-path reformulation of W2, original intro-
duced by Benamou and Brenier [2000]
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where –t is a scalar-valued measure and vt a vector-valued measure. Figure 7.1 shows
two examples of such paths of measures.

The formulation (7.2) is a non-convex formulation in the variables (–t, vt)t because
of the constraint (7.1) involving the product –tvt. Introducing a vector-valued measure
(often called the “momentum”)

Jt

def.= –tvt,

Benamou and Brenier showed in their landmark paper [2000] that it is instead convex
in the variable (–t, Jt)t when writing
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⁄ 1
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where we define the set of constraints as

C(–0, –1) def.=
;

(–t, Jt) : ˆ–t

ˆt
+ div(Jt) = 0, –t=0 = –0, –t=1 = –1
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Benamou-Brenier Formulation

7
Dynamic Formulations

This chapter presents the geodesic (also called dynamic) point of view of optimal trans-
port when the cost is a squared geodesic distance. This describes the optimal transport
between two measures as a curve in the space of measures minimizing a total length.
The dynamic point of view o�ers an alternative and intuitive interpretation of optimal
transport, which not only allows to draw links with fluid dynamics, but also results
in an e�cient numerical tool to compute OT in small dimensions when interpolating
between two densities. The drawback of that approach is that it cannot scale to large-
scale sparse measures, and only works in low dimensions on regular domains (because
one needs to grid the space) with a squared geodesic cost.

In this chapter, we use the notation (–0, –1) in place of (–, —) in agreement with
the idea that we start at time t = 0 from one measure to reach another one at time
t = 1.

7.1 Continuous Formulation

In the case X = Y = Rd, and c(x, y) = Îx ≠ yÎ
2 the optimal transport distance

W
2
2(–, —) = Lc(–, —) as defined in (2.15) can be computed by looking for a minimal

length path (–t)1
t=0 between these two measures. This path is described by advecting

the measure using a vector field vt defined at each instant. The vector field vt and the
path –t must satisfy the conservation of mass formula, resulting in

ˆ–t

ˆt
+ div(–tvt) = 0 and –t=0 = –0, –t=1 = –1 (7.1)
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same number of points (bottom).
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and where ◊ :æ R+
fi {+Œ} is the following lower-semi continuous convex function

’ (a, b) œ R+ ◊ Rd, ◊(a, b) =

Y
_]

_[

ÎbÎ
2

a
if a > 0,

0 if (a, b) = 0,
+Œ otherwise.

(7.5)

This definition might seem complicated, but it is crucial to impose that the momentum
Jt(x) should vanish when –t(x) = 0. Note also that (7.3) is written in an informal way
as if the measures (–t, Jt) were density functions, but this is acceptable because ◊ is a
1-homogeneous function (and hence defined even if the measures do not have a density
with respect to Lebesgue measure), and can thus be extended in an unambiguous way
from density to functions.

Remark 7.1 (Links with McCann’s Interpolation). In the case (see Equation (2.27))
where there exists an optimal Monge map T : Rd

æ Rd with T˘–0 = –1, then –t is
equal to McCann’s interpolation

–t = ((1 ≠ t)Id + tT )˘–0. (7.6)

In the 1-D case, using Remark 2.30, this interpolation can be computed thanks to
the relation

C
≠1
–t

= (1 ≠ t)C≠1
–0 + tC≠1

–1 , (7.7)

see Figure 2.11. We refer to Gangbo and McCann [1996] for a detailed review on
the Riemannian geometry of the Wasserstein space. In the case that there is “only”
an optimal coupling fi that is not necessarily supported on a Monge map, one can
compute this interpolant as

–t = Pt˘“ where Pt : (x, y) œ Rd
◊ Rd

‘æ (1 ≠ t)x + ty. (7.8)

For instance, in the discrete setup (2.3), denoting P a solution to (2.11), an inter-
polation is defined as

–t =
ÿ

i,j

Pi,j”(1≠t)xi+tyj
. (7.9)

Such an interpolation is typically supported on n + m ≠ 1 points, which is the
maximum number of nonzero elements of P. Figure 7.2 shows two example of
such displacement interpolation of discrete measures. This construction can be
generalized to geodesic spaces X by replacing Pt by the interpolation along geodesic
paths. McCann’s interpolation finds many applications, for instance color, shape
and illumination interpolations in computer graphics [Bonneel et al., 2011].
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same number of points (bottom).
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where –t is a scalar-valued measure and vt a vector-valued measure. Figure 7.1 shows
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The formulation (7.2) is a non-convex formulation in the variables (–t, vt)t because
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ˆ–t

ˆt
+ div(–tvt) = 0 and –t=0 = –0, –t=1 = –1 (7.1)
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Geodesic formulation:
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and where ◊ :æ R+
fi {+Œ} is the following lower-semi continuous convex function

’ (a, b) œ R+ ◊ Rd, ◊(a, b) =

Y
_]

_[

ÎbÎ
2

a
if a > 0,

0 if (a, b) = 0,
+Œ otherwise.

(7.5)

This definition might seem complicated, but it is crucial to impose that the momentum
Jt(x) should vanish when –t(x) = 0. Note also that (7.3) is written in an informal way
as if the measures (–t, Jt) were density functions, but this is acceptable because ◊ is a
1-homogeneous function (and hence defined even if the measures do not have a density
with respect to Lebesgue measure), and can thus be extended in an unambiguous way
from density to functions.

Remark 7.1 (Links with McCann’s Interpolation). In the case (see Equation (2.27))
where there exists an optimal Monge map T : Rd

æ Rd with T˘–0 = –1, then –t is
equal to McCann’s interpolation

–t = ((1 ≠ t)Id + tT )˘–0. (7.6)

In the 1-D case, using Remark 2.30, this interpolation can be computed thanks to
the relation

C
≠1
–t

= (1 ≠ t)C≠1
–0 + tC≠1

–1 , (7.7)

see Figure 2.11. We refer to Gangbo and McCann [1996] for a detailed review on
the Riemannian geometry of the Wasserstein space. In the case that there is “only”
an optimal coupling fi that is not necessarily supported on a Monge map, one can
compute this interpolant as

–t = Pt˘“ where Pt : (x, y) œ Rd
◊ Rd

‘æ (1 ≠ t)x + ty. (7.8)

For instance, in the discrete setup (2.3), denoting P a solution to (2.11), an inter-
polation is defined as

–t =
ÿ

i,j

Pi,j”(1≠t)xi+tyj
. (7.9)

Such an interpolation is typically supported on n + m ≠ 1 points, which is the
maximum number of nonzero elements of P. Figure 7.2 shows two example of
such displacement interpolation of discrete measures. This construction can be
generalized to geodesic spaces X by replacing Pt by the interpolation along geodesic
paths. McCann’s interpolation finds many applications, for instance color, shape
and illumination interpolations in computer graphics [Bonneel et al., 2011].
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Figure 7.1: Displacement interpolation –t satisfying (7.2). Top: for two measures (–0, –1) with
densities with respect to the Lebesgue measure. Bottom: for two discrete empirical measures with the
same number of points (bottom).

where the equation above should be understood in the sense of distributions on Rd. The
infinitesimal length of such a vector field is measured using the L2 norm associated to
the measure –t, that is defined as

ÎvtÎL2(–t) =
3⁄

Rd

Îvt(x)Î2 d–t(x)
41/2

.

This definition leads to the following minimal-path reformulation of W2, original intro-
duced by Benamou and Brenier [2000]

W
2
2(–0, –1) = min

(–t,vt)t sat. (7.1)

⁄ 1

0

⁄

Rd

Îvt(x)Î2 d–t(x)dt, (7.2)

where –t is a scalar-valued measure and vt a vector-valued measure. Figure 7.1 shows
two examples of such paths of measures.

The formulation (7.2) is a non-convex formulation in the variables (–t, vt)t because
of the constraint (7.1) involving the product –tvt. Introducing a vector-valued measure
(often called the “momentum”)

Jt

def.= –tvt,

Benamou and Brenier showed in their landmark paper [2000] that it is instead convex
in the variable (–t, Jt)t when writing

W
2
2(–0, –1) = min

(–t,Jt)tœC(–0,–1)

⁄ 1

0

⁄

Rd

◊(–t(x), Jt(x))dxdt, (7.3)

where we define the set of constraints as

C(–0, –1) def.=
;

(–t, Jt) : ˆ–t

ˆt
+ div(Jt) = 0, –t=0 = –0, –t=1 = –1

<
, (7.4)
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where –t is a scalar-valued measure and vt a vector-valued measure. Figure 7.1 shows
two examples of such paths of measures.

The formulation (7.2) is a non-convex formulation in the variables (–t, vt)t because
of the constraint (7.1) involving the product –tvt. Introducing a vector-valued measure
(often called the “momentum”)

Jt

def.= –tvt,

Benamou and Brenier showed in their landmark paper [2000] that it is instead convex
in the variable (–t, Jt)t when writing
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2(–0, –1) = min
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where we define the set of constraints as
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+ div(Jt) = 0, –t=0 = –0, –t=1 = –1
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Momentum change of variable:
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! Quadratic cone interior point.
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! First order proximal methods (ADMM/DR).
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Non-smooth convex optimization.
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Finite elements/di↵erences discretization.
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L4(g)
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Laguerre cell:
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Lj(g)
def.
=

�
x ; 8`, ||x� yj ||2 � gj 6 ||x� y`||2 � g`
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Optimal transport:
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yj 7! Lj(g)
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! computation in O(m log(m)) in 2-D and 3-D.
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<latexit sha1_base64="FxaQeJ0OyCWCB+kzyN+1xPFTSNw="></latexit><latexit sha1_base64="FxaQeJ0OyCWCB+kzyN+1xPFTSNw="></latexit><latexit sha1_base64="FxaQeJ0OyCWCB+kzyN+1xPFTSNw="></latexit><latexit sha1_base64="FxaQeJ0OyCWCB+kzyN+1xPFTSNw=">AABB4XictVzNchu5EYY3f2vnz5scc5lE65Q35Tiy4qoktZWqlSVZ1pq2ZZOyvbu0VRxyRNMecWgOKcvm6ppDTqlc8wq5Jtc8R94gOeUV0j/AAENipjGKY5QkDIivu9EDNLoboONJOspn6+v/vPDBN775rW9/58OLl777ve//4IeXP/rR4zybT/vJQT9Ls+nTuJcn6WicHMxGszR5OpkmveM4TZ7Er7bw8ycnyTQfZePO7O0keX </latexit><latexit sha1_base64="FxaQeJ0OyCWCB+kzyN+1xPFTSNw=">AABB4XictVzNchu5EYY3f2vnz5scc5lE65Q35Tiy4qoktZWqlSVZ1pq2ZZOyvbu0VRxyRNMecWgOKcvm6ppDTqlc8wq5Jtc8R94gOeUV0j/AAENipjGKY5QkDIivu9EDNLoboONJOspn6+v/vPDBN775rW9/58OLl777ve//4IeXP/rR4zybT/vJQT9Ls+nTuJcn6WicHMxGszR5OpkmveM4TZ7Er7bw8ycnyTQfZePO7O0keX </latexit> L3(g)

<latexit sha1_base64="0qwwgZ8d/wo5aYywBM1kNPpSses="></latexit><latexit sha1_base64="0qwwgZ8d/wo5aYywBM1kNPpSses="></latexit><latexit sha1_base64="0qwwgZ8d/wo5aYywBM1kNPpSses="></latexit><latexit sha1_base64="0qwwgZ8d/wo5aYywBM1kNPpSses="></latexit><latexit sha1_base64="0qwwgZ8d/wo5aYywBM1kNPpSses="></latexit>

L4(g)
<latexit sha1_base64="ZJAX9JnmJjERLNgMYkZGHVdfn0g="></latexit><latexit sha1_base64="ZJAX9JnmJjERLNgMYkZGHVdfn0g="></latexit><latexit sha1_base64="ZJAX9JnmJjERLNgMYkZGHVdfn0g="></latexit><latexit sha1_base64="ZJAX9JnmJjERLNgMYkZGHVdfn0g="></latexit><latexit sha1_base64="ZJAX9JnmJjERLNgMYkZGHVdfn0g="></latexit>

Laguerre cell:
<latexit sha1_base64="0pC15Q8aDH03kpU1eQX8YGEelhk="></latexit><latexit sha1_base64="0pC15Q8aDH03kpU1eQX8YGEelhk="></latexit><latexit sha1_base64="0pC15Q8aDH03kpU1eQX8YGEelhk="></latexit><latexit sha1_base64="0pC15Q8aDH03kpU1eQX8YGEelhk=">AABBzXictVxbdxS5ERabyy7kxiaPeenESw6bQ1jj7Dm57Mk5a2xjvAwwMGNgdwc4c2kPA+3poXvGXAbnNX8hr8kfye/IP0ie8hdSF6mlnlF3qR2Cjm21Rl9VqVoqVZU0DGbJJJ9vbv7z3Aff+e73vv/hR+cv/OCHP/rxTy5+/NMHebrIhvHhME3S7NGgn8fJZBofzifzJH40y+L+8SCJHw5e7ODnD0/iLJ+k0+78zSx+fNwfTy </latexit><latexit sha1_base64="0pC15Q8aDH03kpU1eQX8YGEelhk=">AABBzXictVxbdxS5ERabyy7kxiaPeenESw6bQ1jj7Dm57Mk5a2xjvAwwMGNgdwc4c2kPA+3poXvGXAbnNX8hr8kfye/IP0ie8hdSF6mlnlF3qR2Cjm21Rl9VqVoqVZU0DGbJJJ9vbv7z3Aff+e73vv/hR+cv/OCHP/rxTy5+/NMHebrIhvHhME3S7NGgn8fJZBofzifzJH40y+L+8SCJHw5e7ODnD0/iLJ+k0+78zSx+fNwfTy </latexit>

Lj(g)
def.
=

�
x ; 8`, ||x� yj ||2 � gj 6 ||x� y`||2 � g`

 
<latexit sha1_base64="OpJ3hvkXya7KxuyPa/z88Dm55Gk="></latexit><latexit sha1_base64="OpJ3hvkXya7KxuyPa/z88Dm55Gk="></latexit><latexit sha1_base64="OpJ3hvkXya7KxuyPa/z88Dm55Gk="></latexit><latexit sha1_base64="OpJ3hvkXya7KxuyPa/z88Dm55Gk="></latexit><latexit sha1_base64="OpJ3hvkXya7KxuyPa/z88Dm55Gk="></latexit>

Optimal transport:
<latexit sha1_base64="HOKceyLaDAiFrzTgm7b+r5f89DQ="></latexit><latexit sha1_base64="HOKceyLaDAiFrzTgm7b+r5f89DQ="></latexit><latexit sha1_base64="HOKceyLaDAiFrzTgm7b+r5f89DQ="></latexit><latexit sha1_base64="HOKceyLaDAiFrzTgm7b+r5f89DQ="></latexit><latexit sha1_base64="HOKceyLaDAiFrzTgm7b+r5f89DQ="></latexit>

yj 7! Lj(g)
<latexit sha1_base64="igaeQyQfLI3jHe+8aj0m3etgR7E="></latexit><latexit sha1_base64="igaeQyQfLI3jHe+8aj0m3etgR7E="></latexit><latexit sha1_base64="igaeQyQfLI3jHe+8aj0m3etgR7E="></latexit><latexit sha1_base64="igaeQyQfLI3jHe+8aj0m3etgR7E="></latexit><latexit sha1_base64="igaeQyQfLI3jHe+8aj0m3etgR7E="></latexit>

Mass conservation:
<latexit sha1_base64="Wtnn2bxjOLB3cSm+fx1HFXn7euU="> </latexit><latexit sha1_base64="Wtnn2bxjOLB3cSm+fx1HFXn7euU="> </latexit><latexit sha1_base64="Wtnn2bxjOLB3cSm+fx1HFXn7euU="> </latexit><latexit sha1_base64="Wtnn2bxjOLB3cSm+fx1HFXn7euU=">AABB03ictVxbcxPJFW42t4Xc2M1jXibxkmJThBhnq3LZStUa2xgvAgySDbsroHQZC8FIIzSSMAi/pPKav5DX5F/kd+QfJE/5CzmX7ukeqWdOj0Post3T6u+c02e6T59zukV3kgyz2ebmPy988K1vf+e73/vw4qXv/+CHP/rx5Y8+Ps7S+bQXH/XSJJ0+7nayOBmO46PZcJbEjyfTuDPqJvGj7ssd/PzRIp5mw3Tcmr2ZxE9Gnc </latexit><latexit sha1_base64="Wtnn2bxjOLB3cSm+fx1HFXn7euU=">AABB03ictVxbcxPJFW42t4Xc2M1jXibxkmJThBhnq3LZStUa2xgvAgySDbsroHQZC8FIIzSSMAi/pPKav5DX5F/kd+QfJE/5CzmX7ukeqWdOj0Post3T6u+c02e6T59zukV3kgyz2ebmPy988K1vf+e73/vw4qXv/+CHP/rx5Y8+Ps7S+bQXH/XSJJ0+7nayOBmO46PZcJbEjyfTuDPqJvGj7ssd/PzRIp5mw3Tcmr2ZxE9Gnc </latexit>

8 j,
R
Lj(g)

d↵ = bj
<latexit sha1_base64="z+SMQJrnHHlwu3kA8vZ+fxVD4Gg="></latexit><latexit sha1_base64="z+SMQJrnHHlwu3kA8vZ+fxVD4Gg="></latexit><latexit sha1_base64="z+SMQJrnHHlwu3kA8vZ+fxVD4Gg="></latexit><latexit sha1_base64="z+SMQJrnHHlwu3kA8vZ+fxVD4Gg="></latexit><latexit sha1_base64="z+SMQJrnHHlwu3kA8vZ+fxVD4Gg="></latexit>

Gradient descent:
<latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ="></latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ=">AABB0nictVxbcxPJFW42t4XcIHnMyyReUmyKdYyzVblspWqNbYwXAQLJwO4KKF3GQjDSCI1kA1o/pPKav5DX5Gfkd+QfJE/5CzmX7ukeqWdOj0Post3T6u+c02e6T59zukVvmoyy+dbWPy988K1vf+e73/vw4qXv/+CHP/rx5Ss/eZSli1k/PuqnSTp70utmcTKaxEfz0TyJn0xncXfcS+LHvVe7+Pnjk3iWjdJJe/52Gj8dd4 </latexit><latexit sha1_base64="CsN7aT6sxVORH6Ub5GXs8/VrFDQ=">AABB0nictVxbcxPJFW42t4XcIHnMyyReUmyKdYyzVblspWqNbYwXAQLJwO4KKF3GQjDSCI1kA1o/pPKav5DX5Gfkd+QfJE/5CzmX7ukeqWdOj0Post3T6u+c02e6T59zukVvmoyy+dbWPy988K1vf+e73/vw4qXv/+CHP/rx5Ss/eZSli1k/PuqnSTp70utmcTKaxEfz0TyJn0xncXfcS+LHvVe7+Pnjk3iWjdJJe/52Gj8dd4 </latexit>

g (1� ⌧)g+ ⌧
R
Lj(g)

d↵
<latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit><latexit sha1_base64="5BlY9xTghWoPoUvkSundzAgu+QU="></latexit>

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

! computation in O(m log(m)) in 2-D and 3-D.
<latexit sha1_base64="eRkVT4lvoGZJSISkxcQ5wOi2XYw=">AABB+3ictVxLcxu5EYY3r7Xz8ibHXCaRnLJTtiJrtyqPrVStLMmy1rQ </latexit><latexit sha1_base64="eRkVT4lvoGZJSISkxcQ5wOi2XYw=">AABB+3ictVxLcxu5EYY3r7Xz8ibHXCaRnLJTtiJrtyqPrVStLMmy1rQ </latexit><latexit sha1_base64="eRkVT4lvoGZJSISkxcQ5wOi2XYw=">AABB+3ictVxLcxu5EYY3r7Xz8ibHXCaRnLJTtiJrtyqPrVStLMmy1rQ </latexit><latexit sha1_base64="eRkVT4lvoGZJSISkxcQ5wOi2XYw="></latexit><latexit sha1_base64="eRkVT4lvoGZJSISkxcQ5wOi2XYw="></latexit>
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Figure 5.2: Iterations of the semi-discrete OT algorithm minimizing (5.8) (here
a simple gradient descent is used). The support (yj)j of the discrete measure — is
indicated by the red points, while the continuous measure – is the uniform measure
on a square. The blue cells display the Laguerre partition (Lg(¸) (yj))j where g

(¸) is
the discrete dual potential computed at iteration ¸.

use of a Newton solver which is applied to sampling in computer graph-
ics is proposed in [De Goes et al., 2012], see also [Lévy, 2015] for appli-
cations to 3-D volume and surface processing. An important area of ap-
plication of semi-discrete method is for the resolution of incompressible
fluid dynamic (Euler’s equations) using Lagrangian methods de Goes
et al. [2015], Gallouët and Mérigot [2017]. The semi-discrete OT solver
enforces incompressibility at each iteration by imposing that the (possi-
bly weighted) points cloud approximates a uniform inside the domain.
The convergence (with linear rate) of damped Newton iterations is
proved in Mirebeau [2015] for the Monge-Ampère equation, and is re-
fined in Kitagawa et al. [2016] for optimal transport. Semi-discrete OT
finds important applications to illumination design, see Mérigot et al.
[2017].

5.3 Entropic Semi-discrete Formulation

The dual of the entropic regularized problem between arbitrary mea-
sures (4.9) is

L
Á

c(–, —) def.= max
(f,g)œC(X )◊C(Y)

⁄

X

f(x)d–(x) +
⁄

Y

g(y)d—(y)

≠ Á
⁄

X◊Y

e
f(x)+g(y)≠c(x,y)

Á d–(x)d—(y).
(5.9)

This is a smooth unconstrained optimization problem.
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c

�
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Figure 4.1: Impact of Á on the optimization of a linear function on the simplex, solving PÁ =
argminPœ�3 ÈC, PÍ ≠ ÁH(P) for a varying Á.

solutions to the original transport problem (2.11):

LÁ

C(a, b) def.= min
PœU(a,b)

ÈP, CÍ ≠ ÁH(P). (4.2)

Since the objective is a Á-strongly convex function, problem 4.2 has a unique optimal
solution. The idea to regularize the optimal transport problem by an entropic term
can be traced back to modeling ideas in transportation theory [Wilson, 1969]: Actual
tra�c patterns in a network do not agree with those predicted by the solution of the
optimal transport problem. Indeed, the former are more di�use than the latter, which
tend to rely on a few routes as a result of the sparsity of optimal couplings for 2.11.
To mitigate this sparsity, researchers in transportation proposed a model, called the
“gravity” model [Erlander, 1980], that is able to form a more “blurred” prediction of
tra�c given marginals and transportation costs.

Figure 4.1 illustrates the e�ect of the entropy to regularize a linear program over the
simplex �3 (which can thus be visualized as a triangle in 2-D). Note how the entropy
pushes the original LP solution away from the boundary of the triangle. The optimal
PÁ progressively moves toward an “entropic center” of the triangle. This is further
detailed in the proposition below. The convergence of the solution of that regularized
problem towards an optimal solution of the original linear program has been studied
by Cominetti and San Martín [1994], with precise asymptotics.

Proposition 4.1 (Convergence with Á). The unique solution PÁ of (4.2) converges to
the optimal solution with maximal entropy within the set of all optimal solutions of
the Kantorovich problem, namely

PÁ

Áæ0
≠æ argmin

P

{≠H(P) : P œ U(a, b), ÈP, CÍ = LC(a, b)} (4.3)

so that in particular
LÁ

C(a, b) Áæ0
≠æ LC(a, b).

One also has
PÁ

ÁæŒ
≠æ ab

T = (aibj)i,j . (4.4)
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Since the objective is a Á-strongly convex function, problem 4.2 has a unique optimal
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tra�c patterns in a network do not agree with those predicted by the solution of the
optimal transport problem. Indeed, the former are more di�use than the latter, which
tend to rely on a few routes as a result of the sparsity of optimal couplings for 2.11.
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“gravity” model [Erlander, 1980], that is able to form a more “blurred” prediction of
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Figure 4.1 illustrates the e�ect of the entropy to regularize a linear program over the
simplex �3 (which can thus be visualized as a triangle in 2-D). Note how the entropy
pushes the original LP solution away from the boundary of the triangle. The optimal
PÁ progressively moves toward an “entropic center” of the triangle. This is further
detailed in the proposition below. The convergence of the solution of that regularized
problem towards an optimal solution of the original linear program has been studied
by Cominetti and San Martín [1994], with precise asymptotics.

Proposition 4.1 (Convergence with Á). The unique solution PÁ of (4.2) converges to
the optimal solution with maximal entropy within the set of all optimal solutions of
the Kantorovich problem, namely

PÁ

Áæ0
≠æ argmin

P

{≠H(P) : P œ U(a, b), ÈP, CÍ = LC(a, b)} (4.3)

so that in particular
LÁ

C(a, b) Áæ0
≠æ LC(a, b).

One also has
PÁ

ÁæŒ
≠æ ab

T = (aibj)i,j . (4.4)

Sinkhorn algorithm:
<latexit sha1_base64="r/5PC4R+iksp7jxfS6jV4b0s2rY="></latexit><latexit sha1_base64="r/5PC4R+iksp7jxfS6jV4b0s2rY="></latexit><latexit sha1_base64="r/5PC4R+iksp7jxfS6jV4b0s2rY="></latexit><latexit sha1_base64="r/5PC4R+iksp7jxfS6jV4b0s2rY="></latexit><latexit sha1_base64="r/5PC4R+iksp7jxfS6jV4b0s2rY="></latexit>

⌧ -approximate solution in O(n2
⌧
�3).

<latexit sha1_base64="ndRx6Rjd0vQFzqJBSUkqbG26oKY="></latexit><latexit sha1_base64="ndRx6Rjd0vQFzqJBSUkqbG26oKY="></latexit><latexit sha1_base64="ndRx6Rjd0vQFzqJBSUkqbG26oKY="></latexit><latexit sha1_base64="ndRx6Rjd0vQFzqJBSUkqbG26oKY="></latexit><latexit sha1_base64="ndRx6Rjd0vQFzqJBSUkqbG26oKY="></latexit>

Interior points: O(n
7
2 log(⌧)).

<latexit sha1_base64="okfl8zNWUfrZbepvcfxuVKG8ndg="></latexit><latexit sha1_base64="okfl8zNWUfrZbepvcfxuVKG8ndg="></latexit><latexit sha1_base64="okfl8zNWUfrZbepvcfxuVKG8ndg="></latexit><latexit sha1_base64="okfl8zNWUfrZbepvcfxuVKG8ndg="></latexit><latexit sha1_base64="okfl8zNWUfrZbepvcfxuVKG8ndg="></latexit>

Network simplex: O(n3) (exact).
<latexit sha1_base64="rH2rDXC7uVgGA+x21EkB1mTQ6vo="></latexit><latexit sha1_base64="rH2rDXC7uVgGA+x21EkB1mTQ6vo="></latexit><latexit sha1_base64="rH2rDXC7uVgGA+x21EkB1mTQ6vo="></latexit><latexit sha1_base64="rH2rDXC7uVgGA+x21EkB1mTQ6vo="> </latexit><latexit sha1_base64="rH2rDXC7uVgGA+x21EkB1mTQ6vo="> </latexit>

! Regularization is crucial in high dimension.
<latexit sha1_base64="nnSNkh83YS8JRVniK5Sq8azmWdA=">AABB+3ictVxLcxu5EYY3r7Xz8ibHXCaRnfKmHEVWtiqPrVStLMmy1lpbNinbu0vbNSRH1NhDDj1Dyg+u8ltyyCmVa8655Zpc8w+SU/5C+gEMMCRmACiOUZIwIL7uRg/Q6G6A7k+ztJxtbPzzwntf+/o3vvmt9y9e+vZ3vvu971/+4AcPy3xeDJKjQZ7lxeN+XCZZOkmOZuksSx5PiyQe97PkUf/FNn7+6DQpyjSfdGdvpsmTcT </latexit><latexit sha1_base64="nnSNkh83YS8JRVniK5Sq8azmWdA=">AABB+3ictVxLcxu5EYY3r7Xz8ibHXCaRnfKmHEVWtiqPrVStLMmy1lpbNinbu0vbNSRH1NhDDj1Dyg+u8ltyyCmVa8655Zpc8w+SU/5C+gEMMCRmACiOUZIwIL7uRg/Q6G6A7k+ztJxtbPzzwntf+/o3vvmt9y9e+vZ3vvu971/+4AcPy3xeDJKjQZ7lxeN+XCZZOkmOZuksSx5PiyQe97PkUf/FNn7+6DQpyjSfdGdvpsmTcT </latexit><latexit sha1_base64="nnSNkh83YS8JRVniK5Sq8azmWdA=">AABB+3ictVxLcxu5EYY3r7Xz8ibHXCaRnfKmHEVWtiqPrVStLMmy1lpbNinbu0vbNSRH1NhDDj1Dyg+u8ltyyCmVa8655Zpc8w+SU/5C+gEMMCRmACiOUZIwIL7uRg/Q6G6A7k+ztJxtbPzzwntf+/o3vvmt9y9e+vZ3vvu971/+4AcPy3xeDJKjQZ7lxeN+XCZZOkmOZuksSx5PiyQe97PkUf/FNn7+6DQpyjSfdGdvpsmTcT </latexit><latexit sha1_base64="nnSNkh83YS8JRVniK5Sq8azmWdA="></latexit><latexit sha1_base64="nnSNkh83YS8JRVniK5Sq8azmWdA="></latexit>


