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Linear Programming

Transportation polytope: P*
U(a,b) {P e R™™; P, =a,PT1,, = b}

Linear program: C\
min {Zi,j Pi,jCi,j ; P c U(a, b)} e



Linear Programming

Transportation polytope: P*
U(a,b) {P e R™™; P, =a,PT1,, = b}
Linear program: C\
min {Zi,j Pi,jCi,j ; P € U(a, b)} e

Theorem: JP™ solution extremal point of U(a, b)
[1,4); Pi; #0} [ <n+m—1

Extremal points < no cycle

= =

Non-extremal Extremal




Linear Programming

Transportation polytope:
Ua,b) = {P € RY™; P, =a,P 1, = b|

Linear program:

min {Zi,j Pi,jCi,j P e U(a,b

\

Theorem: dP™ solution extremal point of U(a,b)
‘{Zaj ; i,j%o}‘\n_l_m_]-
Extremal points < no cycle

= =

Non-extremal Extremal

!
Example: if n =n, a=b = 1/n, P* permutation matrix.
— ~ n! extremal points.



Interior Point Methods

Linear programming:

o € argmin {(z,c); i=1,...,m,{a;, x) < b;}



Interior Point Methods

Linear programming:

» o € argmin {(x, ¢c); 1 =1,...,m,{(a;, r) < b;}

e— 0

Log-barrier approximation:
def.

r. = argmin (x, ¢c) —e ) . log(b; — (a;, x))
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Interior Point Methods

Linear programming:

— 2o € argmin {(z, ¢); i =1,...,m,(a;, x) < b;}

e— 0

Log-barrier approximation:

z. = argmin (z, ¢) — e, log(b; — {a;, z))

X

Interior point method:

O(y/mlog(™)) Newton iterations computes .
Arkadi
Nemirovski

feasible . with (Z. — xg, ¢) < 7



Network Flow

Divergence on a graph:
def.

div(s); = Z(@k)eg Sik — Z(k,i)ea Sk,i

Min-cost flow:

min {(s, w) ; div(s) = h}

s=>0
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Network Flow

Divergence on a graph:
def.

div(s); = Z(z’,k)EG Sik Z(k,i)eG Sk,
Min-cost How:

min {(s, w) ; div(s) = h}

s=>0

Optimal transport: bi-partite graph.
s =P h = (—a, b) wi,j — Ci,j b

—a

Theorem: on a graph with I edges and V' vertices, e
3 a network simplex algorithm of complexity

O(VElogV1og(V|Cls)) if Ci,j e /.

OT simplex: n = m, complexity O(n?>log(n)?).




W1 as a Reduced Min-cost Flows

C; ; = GeodDistyw (7, )

Proposition: Wi(a,b) = min ¢ 3 wiysi; ¢ divE)—a—b
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W1 as a Reduced Min-cost Flows

C; ; = GeodDistyw (7, )

Proposition: Wi(a,b) = min ¢ 3 wiysi; ¢ divE)—a—b
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Network simplex, £,V = O(n) (e.g. regular graph):
W, in O(n?log(n)?) » Wi in O(n?log(n)?)




Hungarian and Auction Algorithms

— Primal-dual algorithms.

— Hungarian only works for n = m, a=b = 1. ‘}

James Munkres

— Auction is approximate alternate c-transforms.

— Complexity O(n?log(|C|s)).
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Monge-Ampere equation

min [ o= T(a)|Pda ()

B=Ty

Densities: — = - =
dz Poar — PP
Theorem: |Brenier]  Unique T' = V¢ solving

det(D%o(@))ps(Vep(x)) = pale) ¢ convex




Monge-Ampere equation

min /H:r;— 2)[2da(z)

B=Ty

Densities: — = R

T :

N .
. B

det(0%¢(z))ps(Ve(z)) = pa(z) ¢ convex i‘ﬁ?,

Brenier

Theorem: |Brenier]  Unique T' = V¢ solving

— Finite-elements / finite-differences discretization
of the cone of convex functions.

— non-classical .

boundary conditions. | .. \i o
; orit 3{11‘}’ Je -David “Adam
oese Benamou Oberman




Displacement Interpolation
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Optimal assignement: min |zg — x; 00|
o

Displacement interpolation: oy

th:(l—t)xo—FtwlOO

def.



Displacement Interpolation

S : . .
~e Optimal assignement: min |zg — x; 00|
@« @ - >@® (o}
Qe
----------- v
_______________ »>® def.

@ ¢ e Displacement interpolation: «; = 1 O y

LO,i e o L1,0(1)
o« xt,l Tt = (1 T t)xo _|_ tx]_ oye

Monge map Yya = [5:
0 (1= O + tp)ga = (Hd + (1 — )y, 3

Optimal coupling 7 € U(e, B): o = ((1 —t)Px + tPy)ym




Benamou-Brenier Formulation

(Geodesic formulation: :
W2(ag,01) =  min // lvp(z) |2 doy () d
0 Rd
aOét

—— +div(agvy) =0 and a—g = ag, =1 = @1

ot
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Benamou-Brenier Formulation

(Geodesic formulation: :
W2(ag,01) =  min // lvp(z) |2 doy () d
0 Rd
(‘Mt

— 4+ div(ayvy) =0 and i = ap, =1 = Qg

ot

def.

Momentum change of variable:  J, < ayu

W2(ap,01) =  min /O 1 /R Bu(x), Ju())dadt

(avt,Jt )t €C(0,01)
def. a .
Clao,ar) ™ {(ar ) ¢ S5t div() = 0,0 = g, o = a1 |
(B 5 >0,
V(a,b) ER-I- XRda e(avb): y 0 if (a,b)z(),

| +00 otherwise.




Benamou-Brenier Formulation

Geodesic formulation:

1
W2(ag,01) =  min /O /Rd e ()2 de ()t
% + div(oyvy) =0 and ap—p = @, 4—1 = 1

Momentum change of variable:  J, < ayu

W2(ap,01) =  min / 1 / Bu(x), Ju())dadt
0 R

(at,Jt)t€C(ap,a)

def. a .
C(OéO,Oél) — {(Oét, Jt) : % + le(Jt) =0,a4—0 = ap, 4=1 = 041}
(B 5 >0,
V(a,b) € Ry xRY, B(a,b) =3 0 if (a,b)=0,

| +00 otherwise.

Non-smooth convex optimization.
Finite elements/differences discretization.

— Quadratic cone interior point.
— First order proximal methods (ADMM/DR).
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Semi-discrete Method

y1@ e
° 1 Proposition.
y‘ Optimal transport:
2
‘yg yj = Li(g)

Laguerre cell: £;(g) = {z; V¢, |z —y;|> —g; < |z — ye|* — &}

— computation in O(mlog(m)) in 2-D and 3-D.



Semi-discrete Method

b= ZT:l bj5yj

1 Proposition:
y‘ Optimal transport:
2
‘yg y; — Li(g)

def.

Laguerre cell: £;(g) = {z; V¢, |z —y;|° — 8; <z — ye|® — g}

— computation in O(mlog(m)) in 2-D and 3-D. | | ;

Franz Vladimir Quentin

Mass conservation: Vj, [ Ci(g) OToPE o Aurcohammer  Oliker $7 Mérigor
J .

+ Laird Prussner

Gradient descent: g« (1—=7)g+7 [, ) do



Evolution of the Semi-Discrete Optimization
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Entropic Regularization




Entropic Regularization

c(a,b) = i P.C) - cH(P
c(a,b) perxr}l(ﬁ,b)<’ ) — eH(P)

> E

Sinkhorn algorithm: T-approximate solution in O(n?7T2).

Interior points: O(n? log(r)). Network simplex: O(n?) (exact).

— Regularization is crucial in high dimension.



