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Key question: quantifying weak convergence.
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Multi-dimensional extension: use W1 in place of dKS !
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Overview

• Csiszar Divergences 

• Dual Norms and MMD 

• Minimum Kantorovitch Estimators 

• Deep Generative Models Fitting



Strong Norms

Reference measure dx on X .
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Csiszar Divergence

8.1. Ï-Divergences 113

8.1 Ï-Divergences

Before detailing in the following section “weak” norms, whose construction share sim-
ilarities with W1, let us detail a generic construction of so-called divergences between
measures, which can then be used as loss functions when estimating probability dis-
tributions. Such divergences compare two input measures by comparing their mass
pointwise, without introducing any notion of mass transportation. Divergences are func-
tionals which, by looking at the pointwise ratio between two measures, give a sense of
how close they are. They have nice analytical and computational properties and build
upon entropy functions.

Definition 8.1 (Entropy function). A function Ï : R æ Rfi{Œ} is an entropy function if
it is lower semicontinuous, convex, dom Ï µ [0, Œ[ and satisfies the following feasibility
condition: dom Ï fl ]0, Œ[ ”= ÿ. The speed of growth of Ï at Œ is described by

ÏÕ

Œ = lim
xæ+Œ

Ï(x)/x œ R fi {Œ} .

If ÏÕ
Œ = Œ, then Ï grows faster than any linear function and Ï is said super-

linear. Any entropy function Ï induces a Ï-divergence (also known as Csiszár diver-
gence [Ciszár, 1967, Ali and Silvey, 1966] or f -divergence) as follows.

Definition 8.2 (Ï-Divergences). Let Ï be an entropy function. For –, — œ M(X ), let
d–

d—
— + –‹ be the Lebesgue decomposition1 of – with respect to —. The divergence DÏ

is defined by
DÏ(–|—) def.=

⁄

X

Ï
3d–

d—

4
d— + ÏÕ

Œ–‹(X ) (8.1)

if –, — are nonnegative and Œ otherwise.

In definition (8.1), the additional term ÏÕ
Œ–‹(X ) is important to ensure that DÏ

defines a continuous functional (for the weak topology of measures) even if Ï has a
linear growth at infinity, as this is for instance the case for the absolute value (8.8)
defining the TV norm. If Ï as a super-linear growth, e.g. the usual entropy (8.4), then
ÏÕ

Œ = +Œ so that DÏ(–|—) = +Œ if – does not have a density with respect to —.
In the discrete setting, assuming

– =
ÿ

i

ai”xi
and — =

ÿ

i

bi”xi
(8.2)

are supported on the same set of n points (xi)n

i=1 µ X , (8.1) defines a divergence on
�n

DÏ(a|b) =
ÿ

iœSupp(b)
Ï

3
ai

bi

4
bi + ÏÕ

Œ

ÿ

i/œSupp(b)
ai (8.3)

1The Lebesgue decomposition theorem asserts that, given —, – admits a unique decomposition as
the sum of two measures –

s + –
‹ such that –

s is absolutely continuous with respect to — and –
‹ and

— are singular.

Csiszár '-divergence:
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8.1 Ï-Divergences

Before detailing in the following section “weak” norms, whose construction share sim-
ilarities with W1, let us detail a generic construction of so-called divergences between
measures, which can then be used as loss functions when estimating probability dis-
tributions. Such divergences compare two input measures by comparing their mass
pointwise, without introducing any notion of mass transportation. Divergences are func-
tionals which, by looking at the pointwise ratio between two measures, give a sense of
how close they are. They have nice analytical and computational properties and build
upon entropy functions.

Definition 8.1 (Entropy function). A function Ï : R æ Rfi{Œ} is an entropy function if
it is lower semicontinuous, convex, dom Ï µ [0, Œ[ and satisfies the following feasibility
condition: dom Ï fl ]0, Œ[ ”= ÿ. The speed of growth of Ï at Œ is described by

ÏÕ

Œ = lim
xæ+Œ

Ï(x)/x œ R fi {Œ} .

If ÏÕ
Œ = Œ, then Ï grows faster than any linear function and Ï is said super-

linear. Any entropy function Ï induces a Ï-divergence (also known as Csiszár diver-
gence [Ciszár, 1967, Ali and Silvey, 1966] or f -divergence) as follows.

Definition 8.2 (Ï-Divergences). Let Ï be an entropy function. For –, — œ M(X ), let
d–

d—
— + –‹ be the Lebesgue decomposition1 of – with respect to —. The divergence DÏ

is defined by
DÏ(–|—) def.=

⁄

X

Ï
3d–

d—

4
d— + ÏÕ

Œ–‹(X ) (8.1)

if –, — are nonnegative and Œ otherwise.

In definition (8.1), the additional term ÏÕ
Œ–‹(X ) is important to ensure that DÏ

defines a continuous functional (for the weak topology of measures) even if Ï has a
linear growth at infinity, as this is for instance the case for the absolute value (8.8)
defining the TV norm. If Ï as a super-linear growth, e.g. the usual entropy (8.4), then
ÏÕ

Œ = +Œ so that DÏ(–|—) = +Œ if – does not have a density with respect to —.
In the discrete setting, assuming

– =
ÿ

i

ai”xi
and — =

ÿ

i

bi”xi
(8.2)

are supported on the same set of n points (xi)n

i=1 µ X , (8.1) defines a divergence on
�n

DÏ(a|b) =
ÿ

iœSupp(b)
Ï

3
ai

bi

4
bi + ÏÕ

Œ

ÿ

i/œSupp(b)
ai (8.3)

1The Lebesgue decomposition theorem asserts that, given —, – admits a unique decomposition as
the sum of two measures –

s + –
‹ such that –

s is absolutely continuous with respect to — and –
‹ and

— are singular.
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Figure 8.1: Example of entropy functionals.

where Supp(b) def.= {i œ JnK : bi ”= 0}.
The proof of the following Proposition can be found in [Liero et al., 2018, Thm 2.7].

Proposition 8.1. If Ï is an entropy function, then DÏ is jointly 1-homogeneous, convex
and weakly* lower semicontinuous in (–, —).

Remark 8.1 (Dual expression). A Ï-divergence can be expressed using the Legendre
transform

Ïú(s) def.= sup
tœR

st ≠ Ï(t)

of Ï (see also (4.54)) as

DÏ(–|—) = sup
f :X æR

⁄

X

f(x)d–(x) ≠

⁄

X

Ïú(f(x))d—(x),

see Liero et al. [2018] for more details.

We now review a few popular instances of this framework. Figure 8.1 displays the
associated entropy functionals, while Figure 8.2 reviews the relationship between them.

Example 8.1 (Kullback-Leibler divergence). The Kullback-Leibler divergence KL def.=
DÏKL , also known as the relative entropy, was already introduced in (4.10) and (4.6).
It is the divergence associated to the Shannon-Boltzman entropy function ÏKL, given
by

ÏKL(s) =

Y
__]

__[

s log(s) ≠ s + 1 for s > 0,

1 for s = 0,

+Œ otherwise.
(8.4)

Remark 8.1 (Bregman divergence). The discrete KL divergence, KL
def.= DÏKL has the

unique property of being both a Ï-divergence and a Bregman divergence. For discrete

s log(s)
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Figure 8.2: Diagram of relationship between divergences (inspired by Gibbs and Su [2002]). For X a
metric space with ground distance d, dmax = sup(x,xÕ) d(x, x

Õ) is the diameter of X . When X is discrete,
dmin

def.= minx”=xÕ d(x, x
Õ).

vectors in Rn, a Bregman divergence [Bregman, 1967] associated to a smooth strictly
convex function Â : Rn

æ R is defined as

BÂ(a|b) def.= Â(a) ≠ Â(b) ≠ ÈÒÂ(b), a ≠ bÍ, (8.5)

where È·, ·Í is the canonical inner product on Rn. Note that BÂ(a|b) is a convex function
of a and a linear function of Â. Similarly to Ï-divergence, a Bregman divergence satisfies
BÂ(a|b) Ø 0 and BÂ(a|b) = 0 if and only if a = b. The KL divergence is the Bregman
divergence for minus the entropy Â = ≠H defined in (9.33)), e.g. KL = B≠H. A
Bregman divergence is locally a squared Euclidean distance since

BÂ(a + Á|a + ÷) = ÈˆÂ(a)(Á ≠ ÷), Á ≠ ÷Í + o(ÎÁ ≠ ÷Î
2)

and the set of separating points
)
a : BÂ(a|b) = BÂ(a|b

Õ)
*

is an hyperplane between
b and b

Õ. These properties make Bregman divergence suitable to replace Euclidean
distances in first order optimization methods. The best know example is mirror gradient
descent [Beck and Teboulle, 2003], which is an explicit descent step of the form (9.32).
Bregman divergences are also important in convex optimization, and can be used for
instance to derive Sinkhorn iterations and study its convergence, see Remark 4.7. While
KL is both a Ï and a Bregman divergence, these are radically di�erent concepts. In
particular, to generalize formula (8.5) to non-discrete measures on some space X , one
needs to fix a reference measure › and consider only measures –, — with square integrable
densities d–

d›
, d—

d›
œ L2(d›). For some strictly convex Â : L2(d›) æ R, one then defines

the Bregman divergence as

BÂ,›(–|—) def.= Â
3d–

d›

4
≠ Â

3d—

d›

4
≠

⁄

X

÷(x)
3d–

d›
(x) ≠

d—

d›
(x)

4
d›(x)

where ÷ = ÒÂ
1

d—

d›

2
œ L2(d›) is the gradient [Rao and Nayak, 1985, Jones and Byrne,

1990].

8.1. Ï-Divergences 115

KL

W1 dH

�2

TV
TV � W1/dmin

W1 � dmaxTV

TV � dH

TV
�
� �

2 /2
T

V
�

�
K

L
/2

dH �
�

2TV

d
H

�
�

�
2

KL � log(1 + �2)

dH � �
KL

Figure 8.2: Diagram of relationship between divergences (inspired by Gibbs and Su [2002]). For X a
metric space with ground distance d, dmax = sup(x,xÕ) d(x, x

Õ) is the diameter of X . When X is discrete,
dmin

def.= minx”=xÕ d(x, x
Õ).

vectors in Rn, a Bregman divergence [Bregman, 1967] associated to a smooth strictly
convex function Â : Rn

æ R is defined as

BÂ(a|b) def.= Â(a) ≠ Â(b) ≠ ÈÒÂ(b), a ≠ bÍ, (8.5)

where È·, ·Í is the canonical inner product on Rn. Note that BÂ(a|b) is a convex function
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Remark 8.2 (Hyperbolic geometry of KL). It is interesting to contrast the geometry of
the Kullback-Leibler divergence to that defined by quadratic optimal transport when
comparing Gaussians. As detailed for instance by Costa et al. [2015], the Kullback-
Leibler divergence has a closed form for Gaussian densities. In the univariate case,
d = 1, if – = N (m–, ‡2

–) and — = N (m—, ‡2
—
), one has

KL(–|—) = 1
2

A
‡2

–

‡2
—

+ log
A

‡2
—

‡2
–

B

+ |m– ≠ m—|

‡2
—

≠ 1
B

. (8.6)

This expression shows that the divergence between – and — diverges to infinity as ‡—

diminishes to 0 and — becomes a Dirac mass. In that sense, one can say that singular
Gaussian are infinitely far from all other Gaussians in the KL geometry. That geometry
is thus useful when one wants to avoid dealing with singular covariances. To simplify
the analysis, one can look at the infinitesimal geometry of KL, which is obtained by
performing a Taylor expansion at order 2

KL(N (m + ”m, (‡ + ”‡)2)|N (m, ‡2)) = 1
‡2

31
2”2

m + ”2
‡

4
+ o(”2

m, ”2
‡).

This local Riemannian metric, the so-called Fisher metric, expressed over (m/
Ô

2, ‡) œ

R ◊ R+,ú, matches exactly that of the hyperbolic Poincaré half-plane. Geodesics over
this space are half circles centered along the ‡ = 0 line, and have an exponential speed,
i.e. they only reach the limit ‡ = 0 after an infinite time. Note in particular that if
‡– = ‡— but m– ”= m–, then the geodesic between (–, —) over this hyperbolic half plane
does not have a constant standard deviation.

The KL hyperbolic geometry over the space of Gaussian parameters (m, ‡) should be
contrasted with the Euclidean geometry associated to OT as described in Remark 2.31,
since in the univariate case

W
2
2(–, —) = |m– ≠ m—|

2 + |‡– ≠ ‡—|
2. (8.7)

Figure 8.3 shows a visual comparison of these two geometries and their respective
geodesics. This interesting comparison was suggested to us by Jean Feydy.

Example 8.2 (Total variation). The total variation distance TV def.= DÏTV is the diver-
gence associated to

ÏTV(s) =

Y
]

[
|s ≠ 1| for s Ø 0,

+Œ otherwise.
(8.8)

It actually defines a norm on the full space of measure M(X ) where

TV(–|—) = Î– ≠ —ÎTV , where Î–ÎTV = |–|(X ) =
⁄

X

d|–|(x). (8.9)

W2
2(↵,�) = |m↵ �m� |2 + |�↵ � �� |2
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Hilbertian Norms on Measures
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⇢↵
<latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit>

?<latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit>



Hilbertian Norms on Measures

In X = Rd, smoothing with convolution:
<latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit>

↵ ? h = ⇢↵dx
<latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit>

↵
<latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit>

⇢↵ =
P

i aih(·� xi)
<latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit>

↵ =
P

i ai�xi
<latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit>

⇢↵(x)
def.
=

R
Rd h(x� y)d↵(y)

<latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit>

?h
<latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit>

?h
<latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit>

=<latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit>

↵
<latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit> h

<latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit>

⇢↵
<latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit>

?<latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit>

Hilbertian norm:
<latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit> ||↵� �||2k

def.
= ||⇢↵ � ⇢� ||2L2(dx)

<latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit>



Hilbertian Norms on Measures

In X = Rd, smoothing with convolution:
<latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit><latexit sha1_base64="g1cXtTwONdwX8llvbXgpPLmVxYA="></latexit>

↵ ? h = ⇢↵dx
<latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit><latexit sha1_base64="+NFYfd5v/smnDuhyvgr6CD5iYWs="></latexit>

↵
<latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit><latexit sha1_base64="cLRs58A1IUQiG2fufLEKm034m2U="></latexit>

⇢↵ =
P

i aih(·� xi)
<latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit><latexit sha1_base64="dx6k3uidDEoBSS03e3S6e+A7lfA="></latexit>

↵ =
P

i ai�xi
<latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit><latexit sha1_base64="ylu8n2DstccTCfkV3P6Z0ZSzzAA="></latexit>

⇢↵(x)
def.
=

R
Rd h(x� y)d↵(y)

<latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit><latexit sha1_base64="Uc9Sd2BoAHsGSIF/TW7H/FPSvmA="></latexit>

?h
<latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit>

?h
<latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit><latexit sha1_base64="vCHLjpsI+8hS6GTdPsgdXzx/Tfs="></latexit>

=<latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit><latexit sha1_base64="MSZA/SNpcUCnuE/MUVP+fDjMK/0="></latexit>

↵
<latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit><latexit sha1_base64="1Qv2HAbVhGjjKxchot2gR2D086o="></latexit> h

<latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit><latexit sha1_base64="mnmNQ/W+2nflZW1Fcm/6Zwq/Oes="></latexit>

⇢↵
<latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit><latexit sha1_base64="BiAGXf4jiwrFdpPR0T6N+eCIAEI="></latexit>

?<latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit><latexit sha1_base64="Pt4aVi+Uxb583RHFQTdcux9T7b8="></latexit>

Hilbertian norm:
<latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit><latexit sha1_base64="F1bhKei/EvveJWMHWY3MKoDbJVQ="></latexit> ||↵� �||2k

def.
= ||⇢↵ � ⇢� ||2L2(dx)

<latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit><latexit sha1_base64="CsmWIyhsDj3rYC0pubKM//gcaS0="></latexit>

Kernel expression:
<latexit sha1_base64="K/3k+QapCLl4kK4asxeJ8NJaqNs="></latexit><latexit sha1_base64="K/3k+QapCLl4kK4asxeJ8NJaqNs="></latexit><latexit sha1_base64="K/3k+QapCLl4kK4asxeJ8NJaqNs="></latexit><latexit sha1_base64="K/3k+QapCLl4kK4asxeJ8NJaqNs="></latexit><latexit sha1_base64="K/3k+QapCLl4kK4asxeJ8NJaqNs="></latexit>

||⇠||2k =
R
Rd

�R
Rdh(x� y)d⇠(y)

�2
dx

<latexit sha1_base64="SOIZgIXLSbGRtnWi6XuOr+3m7bc="></latexit><latexit sha1_base64="SOIZgIXLSbGRtnWi6XuOr+3m7bc="></latexit><latexit sha1_base64="SOIZgIXLSbGRtnWi6XuOr+3m7bc="></latexit><latexit sha1_base64="SOIZgIXLSbGRtnWi6XuOr+3m7bc="></latexit><latexit sha1_base64="SOIZgIXLSbGRtnWi6XuOr+3m7bc="></latexit>

=
R
Rd

R
Rdk(y � y0)d⇠(y0)d⇠(y)

<latexit sha1_base64="SB3OElEoB7QeFrzvpntxxRTUrDQ="></latexit><latexit sha1_base64="SB3OElEoB7QeFrzvpntxxRTUrDQ="></latexit><latexit sha1_base64="SB3OElEoB7QeFrzvpntxxRTUrDQ="></latexit><latexit sha1_base64="SB3OElEoB7QeFrzvpntxxRTUrDQ="></latexit><latexit sha1_base64="SB3OElEoB7QeFrzvpntxxRTUrDQ="></latexit>

Correlation kernel:
<latexit sha1_base64="+W1r9qo5aERvDBQEFRdlWhtdgcI="></latexit><latexit sha1_base64="+W1r9qo5aERvDBQEFRdlWhtdgcI="></latexit><latexit sha1_base64="+W1r9qo5aERvDBQEFRdlWhtdgcI="></latexit><latexit sha1_base64="+W1r9qo5aERvDBQEFRdlWhtdgcI="></latexit><latexit sha1_base64="+W1r9qo5aERvDBQEFRdlWhtdgcI="></latexit> k(y)

def.
=

R
Rdh(x� y)h(x)dx

<latexit sha1_base64="tu86YKXjguHU8I0mFfEQELSjUyc="></latexit><latexit sha1_base64="tu86YKXjguHU8I0mFfEQELSjUyc="></latexit><latexit sha1_base64="tu86YKXjguHU8I0mFfEQELSjUyc="></latexit><latexit sha1_base64="tu86YKXjguHU8I0mFfEQELSjUyc="></latexit><latexit sha1_base64="tu86YKXjguHU8I0mFfEQELSjUyc="></latexit>



Comparison of Kernels

k(y) = e�
||y||2

2�2
<latexit sha1_base64="FHJAkf07m9JVLEBhHtjKqyrRhAk="></latexit><latexit sha1_base64="FHJAkf07m9JVLEBhHtjKqyrRhAk="></latexit><latexit sha1_base64="FHJAkf07m9JVLEBhHtjKqyrRhAk="></latexit><latexit sha1_base64="FHJAkf07m9JVLEBhHtjKqyrRhAk="></latexit><latexit sha1_base64="FHJAkf07m9JVLEBhHtjKqyrRhAk="></latexit>

8.2. Integral Probability Metrics 123

(–, —) ED(R2, Î·Î) (G, .005) (G, .02) (G, .05)

Figure 8.5: Top row: display of Â such that Î– ≠ —Î
k

= ÎÂ ı (– ≠ —)Î
L2(R2), formally defined over

Fourier as Â̂(Ê) =


k̂
ú

0(Ê) where k
ú(x, x

Õ) = k
ú

0(x ≠ x
Õ). Bottom row: display of Â ı (– ≠ —). (G,‡)

stands for Gaussian kernel of variance ‡
2. The kernel for ED(R2

, Î·Î) is Â(x) = 1/


ÎxÎ.

X = Rd, d(x, y) = Î·Î, using (8.19), one sees that the energy distance is a Sobolev norm

Î·ÎED(Rd,Î·Î
p) = Î·Î

H
≠

d+p

2 (Rd)
.

A chief advantage of the energy distance over more usual kernels such as the Gaussian
(Example 8.9) is that it is scale-free and does not depend on a bandwidth parameter
‡. More precisely, one has the following scaling behaviour on X = Rd, when denoting
fs(x) = sx the dilation by a factor s > 0

Îfs˘(– ≠ —)ÎED(Rd,Î·Î
p) = s

p

2 Î– ≠ —ÎED(Rd,Î·Î
p)

while the Wasserstein distance exhibits a perfect linear scaling

Wp(fs˘–, fs˘—)) = s Wp(–, —)).

Note however that for the energy distance, the parameter p must satisfy 0 < p < 2,
and that for p = 2, it degenerates to the distance between the means

Î– ≠ —ÎED(Rd,Î·Î
2) =

....
⁄

Rd

x(d–(x) ≠ d—(x))
.... ,

so it is not a norm anymore. This shows that it is not possible to get the same linear
scaling under fs˘with the energy distance as for the Wasserstein distance.

� = .005
<latexit sha1_base64="bbGH3AdrPQssl81XnV67b9L+4vY="></latexit><latexit sha1_base64="bbGH3AdrPQssl81XnV67b9L+4vY="></latexit><latexit sha1_base64="bbGH3AdrPQssl81XnV67b9L+4vY="></latexit><latexit sha1_base64="bbGH3AdrPQssl81XnV67b9L+4vY="></latexit><latexit sha1_base64="bbGH3AdrPQssl81XnV67b9L+4vY="></latexit>

� = .02
<latexit sha1_base64="iD1TIgEz7n/ear8yMTmruAWOPW4="></latexit><latexit sha1_base64="iD1TIgEz7n/ear8yMTmruAWOPW4="></latexit><latexit sha1_base64="iD1TIgEz7n/ear8yMTmruAWOPW4="></latexit><latexit sha1_base64="iD1TIgEz7n/ear8yMTmruAWOPW4="></latexit><latexit sha1_base64="iD1TIgEz7n/ear8yMTmruAWOPW4="></latexit>

� = .05
<latexit sha1_base64="9DTrVUFxSCqFVYx3OundNpjDp1A="></latexit><latexit sha1_base64="9DTrVUFxSCqFVYx3OundNpjDp1A="></latexit><latexit sha1_base64="9DTrVUFxSCqFVYx3OundNpjDp1A="></latexit><latexit sha1_base64="9DTrVUFxSCqFVYx3OundNpjDp1A="></latexit><latexit sha1_base64="9DTrVUFxSCqFVYx3OundNpjDp1A="></latexit>k(y) = �||y||

<latexit sha1_base64="i/53eFBgYBrtVfW5PUQqrz/6Psg="></latexit><latexit sha1_base64="i/53eFBgYBrtVfW5PUQqrz/6Psg="></latexit><latexit sha1_base64="i/53eFBgYBrtVfW5PUQqrz/6Psg="></latexit><latexit sha1_base64="i/53eFBgYBrtVfW5PUQqrz/6Psg="></latexit><latexit sha1_base64="i/53eFBgYBrtVfW5PUQqrz/6Psg="></latexit>

Sobolev space
<latexit sha1_base64="EbY54wEVGE6uhA3HN2SUdyZgjVo="></latexit><latexit sha1_base64="EbY54wEVGE6uhA3HN2SUdyZgjVo="></latexit><latexit sha1_base64="EbY54wEVGE6uhA3HN2SUdyZgjVo="></latexit><latexit sha1_base64="EbY54wEVGE6uhA3HN2SUdyZgjVo="></latexit><latexit sha1_base64="EbY54wEVGE6uhA3HN2SUdyZgjVo="></latexit>

H
� d+1

2 (Rd)
<latexit sha1_base64="rg6rgRJgM+ucRGmv5KC2XKAwt/w="></latexit><latexit sha1_base64="rg6rgRJgM+ucRGmv5KC2XKAwt/w="></latexit><latexit sha1_base64="rg6rgRJgM+ucRGmv5KC2XKAwt/w="></latexit><latexit sha1_base64="rg6rgRJgM+ucRGmv5KC2XKAwt/w="></latexit><latexit sha1_base64="rg6rgRJgM+ucRGmv5KC2XKAwt/w="></latexit>

h(x)
<latexit sha1_base64="BQXBo5USfN31/BnUFFCUzXc/+hM="></latexit><latexit sha1_base64="BQXBo5USfN31/BnUFFCUzXc/+hM="></latexit><latexit sha1_base64="BQXBo5USfN31/BnUFFCUzXc/+hM="></latexit><latexit sha1_base64="BQXBo5USfN31/BnUFFCUzXc/+hM="></latexit><latexit sha1_base64="BQXBo5USfN31/BnUFFCUzXc/+hM="></latexit>

h ? (↵� �)
<latexit sha1_base64="G+CcL0zliuBZUQti1BVjP87K74s="></latexit><latexit sha1_base64="G+CcL0zliuBZUQti1BVjP87K74s="></latexit><latexit sha1_base64="G+CcL0zliuBZUQti1BVjP87K74s="></latexit><latexit sha1_base64="G+CcL0zliuBZUQti1BVjP87K74s="></latexit><latexit sha1_base64="G+CcL0zliuBZUQti1BVjP87K74s="></latexit>



Maximum Mean Discrepancies

||⇠||2k =
R
Rd

R
Rdk(y � y0)d⇠(y0)d⇠(y)

<latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit>

Theorem:
<latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit> if k̂(!) > 0, || · ||k metrizes weak convergence.

<latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit>



Maximum Mean Discrepancies

||⇠||2k =
R
Rd

R
Rdk(y � y0)d⇠(y0)d⇠(y)

<latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit><latexit sha1_base64="Jq58dDTmbQsvw6fKXDFQnnT+DXs="></latexit>

||⇠||2k
def.
=

R
X⇥X k(x, y)d⇠(x)d⇠(y)

<latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit>MMD:<latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit>

! Extends to general X using positive kernels (MMD).
<latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit>

= E(k(X,Y )), (X,Y ) ⇠ ⇠ indep.
<latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit>

Theorem:
<latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit> if k̂(!) > 0, || · ||k metrizes weak convergence.

<latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit>
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X⇥X k(x, y)d⇠(x)d⇠(y)

<latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit><latexit sha1_base64="ldPNxnNT0xhWcdMPldEk2meIo5w="></latexit>MMD:<latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit><latexit sha1_base64="wP4Ft6P6KzFrP5VH65JtO66UheA="></latexit>

! Extends to general X using positive kernels (MMD).
<latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit><latexit sha1_base64="PG5YGYWjFesXoZeg5z0RskWL9PY="></latexit>

= E(k(X,Y )), (X,Y ) ⇠ ⇠ indep.
<latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit><latexit sha1_base64="yfiufmAiPaXUPtwOO/IVWzshpqM="></latexit>

↵ =
Pn

i=1 ai�xi � =
Pm

j=1 bj�yj

xi
yj

||↵� �||2 =
X

i,i0

aiai0k(xi, xi0)� 2
X

i,j

aibjk(xi, yj) +
X

j,j0

bjbj0k(yj , yj0)

<latexit sha1_base64="H5jf1PpewGSQm7zq9aUg8GpOtr8="></latexit><latexit sha1_base64="H5jf1PpewGSQm7zq9aUg8GpOtr8="></latexit><latexit sha1_base64="H5jf1PpewGSQm7zq9aUg8GpOtr8="></latexit><latexit sha1_base64="H5jf1PpewGSQm7zq9aUg8GpOtr8="> </latexit><latexit sha1_base64="H5jf1PpewGSQm7zq9aUg8GpOtr8="> </latexit>

Theorem:
<latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit><latexit sha1_base64="zhvHm3ZQJk4n4tdohiZHeZtMRAs="></latexit> if k̂(!) > 0, || · ||k metrizes weak convergence.

<latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit><latexit sha1_base64="Adp0ho+f+g0eOJRe2uzyQGxjta0="></latexit>
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D'(↵|�)
def.
=

Z

X
'

✓
d↵

d�

◆
d� ||↵� �||B

def.
= max

f2B

Z

X
f(x)(d↵(x)� d�(x))

Csiszár divergences: Dual norms:

X X

↵ �↵
�

D' || · ||B

Weak topologyStrong topology
�! KL, TV, �2

, Hellinger . . . �! W1, flat, RKHS
⇤
, energy dist, . . .

Csiszar Divergence vs Dual Norms



OT Loss for Diffeomorphic Registration

µ

⌫
Shape registration:

loss regularity
min

' di↵eo
D('(µ), ⌫) +R(')

Joint work with J. Feydy, B. Charier, F-X. Vialard.



OT Loss for Diffeomorphic Registration

µ

⌫
Shape registration:

loss regularity
min

' di↵eo
D('(µ), ⌫) +R(')

�

(µ� ⌫) ? k�

Hilbertian loss (MMD/RKHS):

D(µ, ⌫) = ||k� ? (µ� ⌫)||2L2

Joint work with J. Feydy, B. Charier, F-X. Vialard.



OT Loss for Diffeomorphic Registration

µ

⌫
Shape registration:

loss regularity
min

' di↵eo
D('(µ), ⌫) +R(')

�

(µ� ⌫) ? k�

Hilbertian loss (MMD/RKHS):

D(µ, ⌫) = ||k� ? (µ� ⌫)||2L2

+ȩȒɔʕɾǞȘǃ ɾǕƚ °÷ ˙ƇƚȀǞɾʿ ŏɾ ŏ żȩɯɾ ȩǀ ޟޟޟޠ࠺ޟޟޠ żȩȘʲȩȀʕɾǞȩȘɯ

_Ǟǃʕɟƚࠊ ëɾŏɟɾǞȘǃ ƚɯɾǞȒŏɾƚࠒ

ëǞȘǺǕȩɟȘ vɾƚɟŏɾǞʲƚ �ȀǃȩɟǞɾǕȒ
vȘɔʕɾ ࠊ ɯȩʕɟżƚ µ =

P
ǝ ɑǝ�ʺǝ

ɾŏɟǃƚɾ ⌫ =
P

Ǳ ɗǱ�ʻǱ
ÚŏɟŏȒƚɾƚɟ ࠊ ǹ : ʺ 7! ƙ�|ʺ|ޡ/"

ࠊޠ ŏ ȧȗƙɫ(ɫǝˈƙ(ɑ))
ࠊޡ ų ȧȗƙɫ(ɫǝˈƙ(ɗ))
ࠊޢ ʶǕǞȀƚ ʕɔƇŏɾƚɯ > ɾȩȀ Ƈȩ
ࠊޣ ŏ ɑ / (ǹ ? ų)
ࠊޤ ų ɗ / (ǹ ? ŏ)
ࠊޥ ɟƚɾʕɟȘ " ·

�
hɑ, Ȁȩǃ(ŏ) + ޡ/ޠ i

+ hɗ, Ȁȩǃ(ų) + ޡ/ޠ i
�

°ʕɾɔʕɾ ࠊ ˙ƇƚȀǞɾʿ ĝ"(µ, ⌫)
ާ

it 0
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ǝ ɑǝ�ʺǝ

ɾŏɟǃƚɾ ⌫ =
P

Ǳ ɗǱ�ʻǱ
ÚŏɟŏȒƚɾƚɟ ࠊ ǹ : ʺ 7! ƙ�|ʺ|ޡ/"

ࠊޠ ŏ ȧȗƙɫ(ɫǝˈƙ(ɑ))
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�
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ާ

it 250

Joint work with J. Feydy, B. Charier, F-X. Vialard.

Sinkhorn divergence:

D(µ, ⌫) = W̄"(µ, ⌫)
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Joint work with J. Feydy, B. Charier, F-X. Vialard.

Sinkhorn divergence:

D(µ, ⌫) = W̄"(µ, ⌫)
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! Sinkhorn’s iterates “propagate” a small bandwidth kernel.
! Automatic di↵erentation: game changer for advanced loss and models.

! Do not use OT for registration . . . but as a loss.

Joint work with J. Feydy, B. Charier, F-X. Vialard.

Sinkhorn divergence:

D(µ, ⌫) = W̄"(µ, ⌫)
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• Deep Generative Models Fitting



Density Fitting and Generative Models
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Optimal Transport Distances

�
<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit>

⇡?
<latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit>

Density fitting: min
✓

D(↵✓,�)
<latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit>

� = 1
n

P
i �xi

<latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit>

Wp
p(↵,�)

def.
= min

⇡2U(↵,�)

R
d(x, y)pd⇡(x, y)

<latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit>



Loss Functions for Measures  

Optimal Transport Distances

�
<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit>

k

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit> �

<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

⇡?
<latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit>

Density fitting: min
✓

D(↵✓,�)
<latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit>

� = 1
n

P
i �xi

<latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit>

Wp
p(↵,�)

def.
= min

⇡2U(↵,�)

R
d(x, y)pd⇡(x, y)

<latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit>

Maximum Mean Discrepancy (MMD)

Gaussian: k(x, y) = e�
||x�y||2

2�2 . Energy distance: k(x, y) = �||x� y||2.

||↵� �||2k
def.
=

R
k(x, y)d(↵(x)� �(x))d(↵(y)� �(y))

<latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE="></latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE="></latexit>



Loss Functions for Measures  

Optimal Transport Distances

�
<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit>

k

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit> �

<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

⇡?
<latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit>

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit>

�
<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

⇡?
"

<latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit>

Density fitting: min
✓

D(↵✓,�)
<latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit>

� = 1
n

P
i �xi

<latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit>

Wp
p(↵,�)

def.
= min

⇡2U(↵,�)

R
d(x, y)pd⇡(x, y)

<latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit>

Maximum Mean Discrepancy (MMD)

Gaussian: k(x, y) = e�
||x�y||2

2�2 . Energy distance: k(x, y) = �||x� y||2.

||↵� �||2k
def.
=

R
k(x, y)d(↵(x)� �(x))d(↵(y)� �(y))

<latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE="></latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE="></latexit>

Sinkhorn divergences [Genevay, Peyré, Cuturi 17]
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<latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY="></latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY="></latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY="></latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY=">AAB4BXic7V1LcxxHci6uXyv4JXmPvrQN0gtySRqAZMvWWuEFAZAEBZEQAZCUOCB2Hg1gqHlpegYANTs6++B/4ggfHA5f1hH+Hb77sj9hb5uPyq7qnuqqalAK26FVh8Cemvoys7KysirrNa1Rr5tNVlf/+9oPfud3f+/3/+CH7yz94R/98Z/86bvv/dmzbDgdt9PD9rA3HL9oNbO01x2kh5PupJe+GI3TZr/VS5+3vtzE75+fp+ </latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY=">AAB4BXic7V1LcxxHci6uXyv4JXmPvrQN0gtySRqAZMvWWuEFAZAEBZEQAZCUOCB2Hg1gqHlpegYANTs6++B/4ggfHA5f1hH+Hb77sj9hb5uPyq7qnuqqalAK26FVh8Cemvoys7KysirrNa1Rr5tNVlf/+9oPfud3f+/3/+CH7yz94R/98Z/86bvv/dmzbDgdt9PD9rA3HL9oNbO01x2kh5PupJe+GI3TZr/VS5+3vtzE75+fp+ </latexit>

for k(x, y) = �d(x, y)p
<latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit>

Theorem: [Genevay, P, C, 17]
<latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit>

W̄ p
",p(↵,�)

<latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit>

"!0�! Wp
p(↵,�)

<latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit>"!+1�! ||↵� �||2k
<latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit>



Loss Functions for Measures  

Optimal Transport Distances

– Scale free (no �, no heavy tail kernel).

– Non-Euclidean, arbitrary ground distance.

– Less biased gradient.

– No curse of dimension (low sample complexity).

Best of both worlds:

! cross-validate "

�
<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit>

k

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit> �

<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

⇡?
<latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit><latexit sha1_base64="nDI2XS99l5rtAbu9BkUH+TcCyhk="></latexit>

↵
<latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit><latexit sha1_base64="ethir/69MZ9BTJ7/iqpADCSE0QY="></latexit>

�
<latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit><latexit sha1_base64="z84mRX++8b7jOXKAIdnn/tixKE0="></latexit>

⇡?
"

<latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit><latexit sha1_base64="6LeslWHrCeU4qBwJRgs4SHCURZk="></latexit>

Density fitting: min
✓

D(↵✓,�)
<latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="></latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit><latexit sha1_base64="GW7k3AoS1aa0LUSNVerMCvnCobw="> </latexit>

� = 1
n

P
i �xi

<latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit><latexit sha1_base64="52DRlBZRIaA7lb1tViOCHdwF7rw="></latexit>

Wp
p(↵,�)

def.
= min

⇡2U(↵,�)

R
d(x, y)pd⇡(x, y)

<latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit><latexit sha1_base64="ICsFQeCC1VdrPPCM1ZsTmWovjaw="></latexit>

Maximum Mean Discrepancy (MMD)

Gaussian: k(x, y) = e�
||x�y||2

2�2 . Energy distance: k(x, y) = �||x� y||2.

||↵� �||2k
def.
=

R
k(x, y)d(↵(x)� �(x))d(↵(y)� �(y))

<latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE=">AAB3jnic7V1bdxw3coY2tzVzWTs5ecpLJ5SzpCIpFO3EiR2dXYqkJMq0SIukLFsjMXNpkiPNzXPhxbPjP5SH/ID8krznZX9C3lIXVAPdjQbQlH2SHK/7mOrB4KsqFAoFFG7TGvW6k+na2n/e+Nnv/f4f/OEf/fy9pT/+kz/9s1+8/8GfP58MZ+N2etQe9objF63mJO11B+nRtDvtpS9G47TZb/XSr1pvN/H7r87T8aQ7HBxOr0 </latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE="></latexit><latexit sha1_base64="+5a3dSo/T63L4zdK4LYXoZGrCYE="></latexit>

Sinkhorn divergences [Genevay, Peyré, Cuturi 17]
<latexit sha1_base64="VdFxBgY26O2LXq4qoWO/6AQnSOM="></latexit><latexit sha1_base64="VdFxBgY26O2LXq4qoWO/6AQnSOM="></latexit><latexit sha1_base64="VdFxBgY26O2LXq4qoWO/6AQnSOM="></latexit><latexit sha1_base64="VdFxBgY26O2LXq4qoWO/6AQnSOM="></latexit><latexit sha1_base64="VdFxBgY26O2LXq4qoWO/6AQnSOM="></latexit>

Wp
",p(↵,�)

def.
= min

⇡2U(↵,�)

R
dpd⇡ + "KL(⇡|↵⌦ �)

<latexit sha1_base64="oLpVqjcn6Sk56641JA+QJqOPIKg="> </latexit><latexit sha1_base64="oLpVqjcn6Sk56641JA+QJqOPIKg="> </latexit><latexit sha1_base64="oLpVqjcn6Sk56641JA+QJqOPIKg="> </latexit><latexit sha1_base64="oLpVqjcn6Sk56641JA+QJqOPIKg="></latexit><latexit sha1_base64="oLpVqjcn6Sk56641JA+QJqOPIKg="></latexit>

W̄ p
p,"(↵,�)

p def.
= Wp

p,"(↵,�)
p � 1

2W
p
p,"(↵,�)

p � 1
2W

p
p,"(↵,�)

p
<latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY="></latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY="></latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY="></latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY=">AAB4BXic7V1LcxxHci6uXyv4JXmPvrQN0gtySRqAZMvWWuEFAZAEBZEQAZCUOCB2Hg1gqHlpegYANTs6++B/4ggfHA5f1hH+Hb77sj9hb5uPyq7qnuqqalAK26FVh8Cemvoys7KysirrNa1Rr5tNVlf/+9oPfud3f+/3/+CH7yz94R/98Z/86bvv/dmzbDgdt9PD9rA3HL9oNbO01x2kh5PupJe+GI3TZr/VS5+3vtzE75+fp+ </latexit><latexit sha1_base64="YLySTx5M7JvJq69aJHr4c18aseY=">AAB4BXic7V1LcxxHci6uXyv4JXmPvrQN0gtySRqAZMvWWuEFAZAEBZEQAZCUOCB2Hg1gqHlpegYANTs6++B/4ggfHA5f1hH+Hb77sj9hb5uPyq7qnuqqalAK26FVh8Cemvoys7KysirrNa1Rr5tNVlf/+9oPfud3f+/3/+CH7yz94R/98Z/86bvv/dmzbDgdt9PD9rA3HL9oNbO01x2kh5PupJe+GI3TZr/VS5+3vtzE75+fp+ </latexit>

for k(x, y) = �d(x, y)p
<latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit><latexit sha1_base64="G/puEPzg6d9NpjRPmRjfb1OoU6g="></latexit>

Theorem: [Genevay, P, C, 17]
<latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit><latexit sha1_base64="gH8EKbdBSlDBiRnD+TpDaOFXtPQ="></latexit>

W̄ p
",p(↵,�)

<latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit><latexit sha1_base64="66Ur4OzobH6VIDU6J7j1Xzt3zHE="></latexit>

"!0�! Wp
p(↵,�)

<latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit><latexit sha1_base64="C4NNpzx/MPi4Y8UUeQUZHnsu8uI="></latexit>"!+1�! ||↵� �||2k
<latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit><latexit sha1_base64="HiPnH6vZcuvH7ZH1p8x5JKref/A="></latexit>



Sample Complexity

Theorem:

n
d = 2

d = 3

E(|W (↵̂, �̂)�W (↵,�)|) = O(n� 1
d )

<latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit>

E(|||↵̂� �̂||k � ||↵� �||k|) = O(n� 1
2 )

<latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit>

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

log(n)

log(n)

log(||↵̂� ↵̂0||k)
<latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit>

log(W (↵̂, ↵̂0))
<latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit>

log(n)

log(n)

d = 2

d = 5

log(W̄"(↵̂, ↵̂
0))

<latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit>



Sample Complexity

Theorem:

n
d = 2

d = 3

Open problem: sample complexity of W̄"?

Optimal transport: su↵ers from curse of dimensionality.

! Adapt to support dimensionality [Weed, Bach 2017]

E(|W (↵̂, �̂)�W (↵,�)|) = O(n� 1
d )

<latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit><latexit sha1_base64="xUBQpbpDIs7FGvye1Hn9EhBM18E="></latexit>

E(|||↵̂� �̂||k � ||↵� �||k|) = O(n� 1
2 )

<latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit>

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

log(n)

log(n)

log(||↵̂� ↵̂0||k)
<latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit><latexit sha1_base64="aPznKl8J/fR/5PLn7dHVwmsukI4="></latexit>

log(W (↵̂, ↵̂0))
<latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit><latexit sha1_base64="y2S0J6tT8oDGWDlahMxy1OUP0TI="></latexit>

log(n)

log(n)

d = 2

d = 5

log(W̄"(↵̂, ↵̂
0))

<latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit><latexit sha1_base64="y5Tkkz3qCR2XcLDRz8Nxt5doDYk="></latexit>



Overview

• Csiszar Divergences 

• Dual Norms and MMD 

• Minimum Kantorovitch Estimators 

• Deep Generative Models Fitting



Deep Discriminative vs Generative Models
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Training Architecture

g✓

Z X y1
<latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit>

yn
<latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit>

✓(`) = ✓(`) � ⌧`rÊL(✓)
<latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit>

Stochastic gradient descent
<latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit>

↵✓
<latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit>

�
<latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit>

Ê(✓)
def.
= W̄L

" ( 1
m

P
i g✓(zi),�)

<latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="N39xHatIBJAFxeiHNwHmWDqpApw="></latexit><latexit sha1_base64="RNvF2bWiXDVpoO8n0TNVG5OvryU="></latexit><latexit sha1_base64="RNvF2bWiXDVpoO8n0TNVG5OvryU="></latexit><latexit sha1_base64="GnxQ1SFj5oKP7TlGSY+csy4WgXM="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit>

min
✓

E(✓)
def.
= W̄"(↵✓,�)

<latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit>



Training Architecture

g✓

Z X y1
<latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit>

yn
<latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit>

x1
<latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit>

xm
<latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit>

z1
<latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit>

zm
<latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM=">AAA9lXictVttcxu3EYbTl8Tum9N+6bQznWsVd5KOopFUZ9pORp3YerEVK5ZsUrIT09bw5USffeTRPFKyzXCmv6Zf23/Q39F/0H7qX+juAjjgSNwtoLq6kYQD8Ty72AMWu8CxM0qTfLK+/s8r733nu9/7/vsfXL32gx/+6Mc/uf7hT0/ybDruxsfdLM3GjzvtPE6TYXw8SSZp/Hg0jtuDTho/6rzcxs8fncfjPMmGzcmbUfx00O </latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM=">AAA9lXictVttcxu3EYbTl8Tum9N+6bQznWsVd5KOopFUZ9pORp3YerEVK5ZsUrIT09bw5USffeTRPFKyzXCmv6Zf23/Q39F/0H7qX+juAjjgSNwtoLq6kYQD8Ty72AMWu8CxM0qTfLK+/s8r733nu9/7/vsfXL32gx/+6Mc/uf7hT0/ybDruxsfdLM3GjzvtPE6TYXw8SSZp/Hg0jtuDTho/6rzcxs8fncfjPMmGzcmbUfx00O </latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM=">AAA9lXictVttcxu3EYbTl8Tum9N+6bQznWsVd5KOopFUZ9pORp3YerEVK5ZsUrIT09bw5USffeTRPFKyzXCmv6Zf23/Q39F/0H7qX+juAjjgSNwtoLq6kYQD8Ty72AMWu8CxM0qTfLK+/s8r733nu9/7/vsfXL32gx/+6Mc/uf7hT0/ybDruxsfdLM3GjzvtPE6TYXw8SSZp/Hg0jtuDTho/6rzcxs8fncfjPMmGzcmbUfx00O </latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit>

✓(`) = ✓(`) � ⌧`rÊL(✓)
<latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit><latexit sha1_base64="an7qBGtsj6WMaEr5qhHD1t3GCd4="></latexit>

Stochastic gradient descent
<latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit>

↵✓
<latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit>

�
<latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit>

Ê(✓)
def.
= W̄L

" ( 1
m

P
i g✓(zi),�)

<latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="N39xHatIBJAFxeiHNwHmWDqpApw="></latexit><latexit sha1_base64="RNvF2bWiXDVpoO8n0TNVG5OvryU="></latexit><latexit sha1_base64="RNvF2bWiXDVpoO8n0TNVG5OvryU="></latexit><latexit sha1_base64="GnxQ1SFj5oKP7TlGSY+csy4WgXM="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit><latexit sha1_base64="P4r1PRyIJxn3aHKNHTEnbI8pbRI="></latexit>

min
✓

E(✓)
def.
= W̄"(↵✓,�)

<latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit><latexit sha1_base64="o/ZIMsKcTx428h/RjKGy8dUlOfs="></latexit>



Training Architecture

g✓

Z X y1
<latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit>

yn
<latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit>

x1
<latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit>

xm
<latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit>

z1
<latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit>

zm
<latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM=">AAA9lXictVttcxu3EYbTl8Tum9N+6bQznWsVd5KOopFUZ9pORp3YerEVK5ZsUrIT09bw5USffeTRPFKyzXCmv6Zf23/Q39F/0H7qX+juAjjgSNwtoLq6kYQD8Ty72AMWu8CxM0qTfLK+/s8r733nu9/7/vsfXL32gx/+6Mc/uf7hT0/ybDruxsfdLM3GjzvtPE6TYXw8SSZp/Hg0jtuDTho/6rzcxs8fncfjPMmGzcmbUfx00O </latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM=">AAA9lXictVttcxu3EYbTl8Tum9N+6bQznWsVd5KOopFUZ9pORp3YerEVK5ZsUrIT09bw5USffeTRPFKyzXCmv6Zf23/Q39F/0H7qX+juAjjgSNwtoLq6kYQD8Ty72AMWu8CxM0qTfLK+/s8r733nu9/7/vsfXL32gx/+6Mc/uf7hT0/ybDruxsfdLM3GjzvtPE6TYXw8SSZp/Hg0jtuDTho/6rzcxs8fncfjPMmGzcmbUfx00O </latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM=">AAA9lXictVttcxu3EYbTl8Tum9N+6bQznWsVd5KOopFUZ9pORp3YerEVK5ZsUrIT09bw5USffeTRPFKyzXCmv6Zf23/Q39F/0H7qX+juAjjgSNwtoLq6kYQD8Ty72AMWu8CxM0qTfLK+/s8r733nu9/7/vsfXL32gx/+6Mc/uf7hT0/ybDruxsfdLM3GjzvtPE6TYXw8SSZp/Hg0jtuDTho/6rzcxs8fncfjPMmGzcmbUfx00O </latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit>
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Seppo 
Linnainmaa
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automatic di↵erentiation
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Examples of Image Generation

Inputs Small " Large "

! Need to learn the metric c(x, y) = ||d⇠(x)� d⇠(y)||p (⇠ GANs)
! Performance evaluation of generative models is an open problem.

(a) WGAN MNIST (b) WGAN CelebA (c) WGAN LSUN

(d) MMD GAN MNIST (e) MMD GAN CelebA (f) MMD GAN LSUN

Figure 2: Generated samples from WGAN and MMD GAN on MNIST, CelebA, and LSUN bedroom
datasets.

digits in Figure 1c are more natural with smooth outline and sharper strike. For CIFAR-10 dataset,
both GMMN variants fail to generate meaningful images, but resulting some low level visual features.
We observe similar cases in other complex large-scale datasets such as CelebA and LSUN bedrooms,
thus results are omitted. On the other hand, the proposed MMD GAN successfully outputs natural
images with sharp boundary and high diversity. The results in Figure 1 confirm the success of the
proposed adversarial learned kernels to enrich statistical testing power, which is the key difference
between GMMN and MMD GAN.

If we increase the batch size of GMMN to 1024, the image quality is improved, however, it is still
not competitive to MMD GAN with B = 64. The images are put in Appendix C. This demonstrates
that the proposed MMD GAN can be trained more efficiently than GMMN with smaller batch size.

Comparisons with GANs: There are several representative extensions of GANs. We consider
recent state-of-art WGAN [8] based on DCGAN structure [34], because of the connection with MMD
GAN discussed in Section 4. The results are shown in Figure 2. For MNIST, the digits generated
from WGAN in Figure 2a are more unnatural with peculiar strikes. In Contrary, the digits from
MMD GAN in Figure 2d enjoy smoother contour. Furthermore, both WGAN and MMD GAN
generate diversified digits, avoiding the mode collapse problems appeared in the literature of training
GANs. For CelebA, we can see the difference of generated samples from WGAN and MMD GAN.
Specifically, we observe varied poses, expressions, genders, skin colors and light exposure in Figure
2b and 2e. By a closer look (view on-screen with zooming in), we observe that faces from WGAN
have higher chances to be blurry and twisted while faces from MMD GAN are more spontaneous with
sharp and acute outline of faces. As for LSUN dataset, we could not distinguish salient differences
between the samples generated from MMD GAN and WGAN.

5.2 Quantitative Analysis

To quantitatively measure the quality and diversity of generated samples, we compute the inception
score [28] on CIFAR-10 images. The inception score is used for GANs to measure samples quality
and diversity on the pretrained inception model [28]. Models that generate collapsed samples have
a relatively low score. Table 1 lists the results for 50K samples generated by various unsupervised
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