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Weak vs Strong Topology

Random vectors Radon measures
P(X € A) i [, da(x)
Convergence in law: Weak* convergence:
V set A V continuous function f
P(X, € A) " P(X € A) [ fday, "25° [ fda

Weak convergence:
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Key question: quantitying weak convergence.



Central Limit Theorem

Central limit theorem: If E(X) = (),E(X2) =1 and (X;); LLd 5
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Central Limit Theorem

Central limit theorem: If E(X) = 0,E(X?) =1 and (X;); L x

or. X oo+ X, law
d:f. 1+ + 1 g N(O, 1)
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Kolmogorov-Smirnov distance: dgs(X,Y) = max IP(X <t)—P(Y <1t
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Metrizes convergence in law: X = Y < dgs(X,Y) — 0
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Theorem: CE(1X]3
Berry 1941]  dxs(Yn, N (0,1)) < UXT) C'<1/2
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Central Limit Theorem

Central limit theorem: If E(X) = 0,E(X?) =1 and (X;); L x
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' Metrizes convergence in law: X = Y < dgs(X,Y) — 0

Theorem: CE(1X]3
Berry 1941]  dxs(Yn, N (0,1)) < UXT) C'<1/2
[Esseen, 1942] Vn

n=1 P, <t)
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n==17

Multi-dimenstonal extension: use Wy in place of dgxg!



Overview

e Csiszar Divergences
e Dual Norms and MMD
e« Minimum Kantorovitch Estimators

e Deep Generative Models Fitting



Strong Norms

Reference measure dao on X.

LP norms on densities:

def. d_a _ % )P _ 1= - ==
Do ([ (- Lipar) = |
— defined only if @ < dx and § < dx.

LP(dx)



Strong Norms

Reference measure dao on X.

LP norms on densities:

D)™ ( [ (i)~ L) pdx) _[da 45

L (dz)
— defined only if @ < dx and § < dx.
Qs N
Metrizes the strong topology. N /\_}
o e o
D(a, ag) = cst g : s
W, (a,as5) =46 _/ \/\ I )



Csiszar Divergence

do dg do

Comparing P < T > a8 — 1 E A,

Csiszar p-divergence: D, (a|B) = / (j‘;) 48 + ¢ o

@ convex, p(1) = O,E © = 0;—>Important if a(X) # B(X).

Proposition: D, > 0 is convex, D,(a|f) =0 & a = .



Csiszar Divergence

do dg do

C ] . 1
omparing o T > 3 5 < t A,

Csiszar p-divergence: D, (a|B) = / (j‘;) 48 + ¢ o

p convex, p(1) = O,E p = 0;—>Important if a(X) # B(X).

Proposition: D, > 0 is convex, D,(a|f) =0 & a = .
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Equivalence and non-equivalence
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OT vs. KL (Fisher-Rao)

X =R (XZN(ma,O'a),

1 (o2 03 Ma — M 2 2 9
KL(alf) = 5 (U—%—I—log O_§> n aU% sl 1) Wi(a, ) = |mg —mg|* + |00 — 03]
1 t
Fisher-Rao e Optimal Transport
(hyperbolic) f (Euclidean) | /77 e
“O' A T e

B =N(mg,0p)
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Dual Norms

Dual norms: (aka Integral Probability Metrics)

o — Bl % max{ | f@)dalz) - as@): £ & B}



Dual Norms

Dual norms: (aka Integral Probablhty Metrics)

m—mm%hmm{/f )(da(e) - d5(2): f € B
TV: B={f; |fle <1}
Wasserstein 1: B={f; |V fle < 1}.

Flat norm: B = {f; |floo < 1,|Vfloc < 1}.

Negative Sobolev: B={f; k=0,...,s, [0"f]|12ra) <
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Dual Norms

Dual norms: (aka Integral Probability Metrics)

\a—ﬂb¥5WM{Lf@WM®%ﬂW@D;fEB}
TV: B={f; |fle < 1}.
Wasserstein 1: B={f; |V fle < 1}.

Flat norm: B = {/ 5 [floe < 1, |/ < 1}
Negative Sobolev: B = {f  k=0,...,s, HakaLQ(Rd) < 1}

Proposition: If span(B) is dense in C(X),

weak

lalp >0 <— ao—70

' c B ds t |
16, — 3,y =2 if x4y J € B s 0 rogla



Hilbertian Norms on Measures

In X = R?, smoothing with convolution:

aﬁ» a*xh = p,dx Pa () = f]Rd h(z —y)da(y)

— Y a0, |
TN IS
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Po = D _; a;h(- — ;)



Hilbertian Norms on Measures

In X = R?, smoothing with convolution:

aﬁ» a*xh = p,dx Pa () = f]Rd h(z —y)da(y)
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Hilbertian norm: |l — Bz o
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Hilbertian Norms on Measures

In X = R?, smoothing with convolution:

aﬁ» a*xh = p,dx Pa () = f]Rd h(z —y)da(y)
& == Zz a0y, |
<h) o 4 ] L " w

Po = D _; a;h(- — ;)

Hilbertian norm: | — 82 =

‘1004 pﬁ”%ﬁ(dx)

Kernel expression:  |€]7 = [0 ([pah(z — y)dE(y ))
= fRded y—y )df(y) f(y)

Correlation kernel: E (x)dx



Comparison of Kernels

= 8 % @
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Maximum Mean Discrepancies

€17 = Jra Joak(y — v')dE(y")dE(y)

Theorem: if /Ac(w) > 0, | - |x metrizes weak convergence.



Maximum Mean Discrepancies

€17 = Jra Joak(y — v')dE(y")dE(y)

Theorem: if lAc(w) > 0, | - |x metrizes weak convergence.

— Extends to general X using positive kernels (MMD).

vinipy. €I = L v Blay)dE(2)dE(y)
— E<k(X7 Y))7 (X7 Y) ~ 5 indep.



Maximum Mean Discrepancies

€05 = Jpa Jrak(y —v')dE(y")dE ()

Theorem: if /Ac(w) > 0, | - |x metrizes weak convergence.

— Extends to general X using positive kernels (MMD).

vnD: ER = S Bz, y)dé(2)dé(y)
_ B(k(X,Y)), (X,¥) ~ € indep.
a=) i ai0; [= Z;L bjoy,
[ = 817 =) aaik(zi,zi) —2 ) aibik(xi,y;) + Y bibyk(y;, ;)

©,] 3,3’




Comparison of Dual Norms
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Csiszar Divergence vs Dual Norms

Csiszar divergences: Dual norms:
Dy(alB) = / (‘;g) dp o = Bl = max / f(z)(da(z) — dB())

Strong topology Weak topology
— KL, TV, y?, Hellinger ... — Wy, flat, RKHS*, energy dist, ...



OT Loss for Diffeomorphic Registration

Joint work with J. Feydy, B. Charier, F-X. Vialard.

Shape registration: — min D(¢(n),v) + R(p) _—/JEU
e diffeo . \J 2 2
loss regularity 7 (\tA



OT Loss for Diffeomorphic Registration

Joint work with J. Feydy, B. Charier, F-X. Vialard.

. e
Shape registration: — min D(@(p),v) + R(p) 7 Xgl'ﬂou
¢ diffeo . \J = Z

loss regularity 7 (\tA

Hilbertian loss (MMD /RKHS):
D(p,v) = ko * (n—v)|L:
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OT Loss for Diffeomorphic Registration

Joint work with J. Feydy, B. Charier, F-X. Vialard.

. Iu ’ ] it 0
Shape registration: ~ min D(p(u),v) + R(p) (_;-;::;ra’z'-;.’ ¢
@ diffeo 1 1 . \:) = Z 1Y '9
0SS regularity (///ﬁ A /A
Hilbertian loss (MMD/RKHS): Sinkhorn divergence: it 250
D(p,v) = ko * (1 — V)| D(p,v) = We(p,v) 0 q
fu—v)xks Z A
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OT Loss for Diffeomorphic Registration

Joint work with J. Feydy, B. Charier, F-X. Vialard.

y,
| e
Shape registration: ~ min D(p(p),v) + R(p) 0T,
1ITeo . /
® loss regularity /—(-\77;;\ vV
Hilbertian loss (MMD /RKHS): Sinkhorn divergence:

D(May):”ktf*(:u_y)”%Q D(,LL,V):Wg(,LL,I/)




OT Loss for Diffeomorphic Registration

Joint work with J. Feydy, B. Charier, F-X. Vialard.

e
. : . ] /\f—/
Shape registration: SOlfglillcflfgo D(p(p),v) + R(p) . (/—\’ﬂ‘jf A
loss regularity AN y)
S\ N /A

Hilbertian loss (MMD /RKHS): Sinkhorn divergence:
V) = ko x (1= V)72 D(p,v) = We(u,v)

Rﬁ V);k-/L

— Do not use OT for registration ...but as a loss.
— Sinkhorn’s iterates “propagate” a small bandwidth kernel.
— Automatic differentation: game changer for advanced loss and models.
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Density Fitting and Generative Models

. def.
Observations: = + >0 | by,

Parametric model: 0 — oy



Density Fitting and Generative Models

Qg
def. 1 n T o O 5
Observations: = = ) .~ 04, ve® T
o
L Q Py 9/ 3‘ P .>. ° :. .
Parametric model: 0 — ay \— e

Density fitting: dag(x) = pe(x)dx

Maximum

min KL(5[a) = Zlog pe(7i))  likelihood (MLE)



Density Fitting and Generative Models

07—
def. 1 n o o (3
Observations: 8 ="~ .~ 0z, /O ve® T
o
8 .9 ‘4 ............. .>. ° :. .
Parametric model: 0 — ay °°®

Density fitting: dag(x) = pe(x)dx

Maximum

min KL(5[a) = Zlog po(7i))  likelihood (MLE)

Generative model fit: o = gg 3¢

_ X 99 t
— MLE undefined. |
— Need a weaker metric. Z . TP ~lee s o5
000



Loss Functions for Measures

Density fitting: mein D(ay, B) B = % > Og.

Optimal Transport Distances

W2(a, 8) = mi d(z,y)Pdn(z, O o .o P
b(a, ) Werg;(logmf (z,y)Pdn(x,y) o o



Loss Functions for Measures

Density fitting: mein D(ay, B) B = % S O,
Optimal Transport Distances ."L."
WoD(a, 8) = min [d(z,y)Pdn(x,y) O ge__,q P
WEU(O&,,B) ‘4—//.>‘

Maximum Mean Discrepancy (MMD) k

®
loo — BI2 = [ k(z,y)d(e(z) — B(z))d(a(y) — B(y)) Q "gﬁ
Gaussian: k(z,y) =€~ ”2?2”2 . Energy distance: k(z,y) = —|z — y|°. | X4 e




Loss Functions for Measures

Density fitting: mein D(ay, B) B = % S O, *

Optimal Transport Distances o—l—o

def. . o—0
WP(a,8) = min  [d(z,y)Pdr(z,y) O ge__,q P
WEU(O&,,@) ‘4—//.>‘
Maximum Mean Discrepancy (MMD) o ko
o BI2 < [ k(z, y)d(a(z) - B@)da) - BB)  « .g 5
Gaussian: k(z,y) = e~ ”x2oy2”2 . Energy distance: k(z,y) = —|z — y|°. oF 3o
Sinkhorn divergences |Genevay, Peyré, Cuturi 17| .;___L;_”

W2 (a, < min dPdrm + eKL(m|la ® O{—EO
,p( 5) reU(o,B) f ( ‘ 5) 87 0+ g 6

WE (a, B = WE (o, B)P — 3 W5 (, B)P — g W (o, B)F  ew=——"®



Loss Functions for Measures

Density fitting: mein D(ay, B) B = % SO,

Optimal Transport Distances o—l—o

def. . o——o
WP(a,8) = min  [d(z,y)Pdr(z,y) O ge__,q P
WEU(Q,,@) .4—/.>.
Maximum Mean Discrepancy (MMD) o ko
o B2 [ k(z, p)d(a(z) — B@)d(aly) - Bw) @ .g 5
Gaussian: k(z,y) = e~ ”x2o%”2 . Energy distance: k(z,y) = —|z — y|°. o =y
Sinkhorn divergences |Genevay, Peyré, Cuturi 17| .:___L;_”

W2 _(a,3) = min dPdr + eKL(7|a & D e
Wed® g, f (rla ® 5) =
WP (e, B)P = W (o, B)P — s WP (@, B)P — g W (, )P e

e—0

Theorem: [Genevay, P, C, 17] WP (a,8) Sy Wol®0) - for k(z,y) = —d(z,y)?

S
= ||04 - Blx



Loss Functions for Measures

Density fitting: mein D(ay, B) B = % SO,
Optimal Transport Distances o—l—o
def. . o——o
WP(a,8) = min  [d(z,y)Pdr(z,y) O ge__,q P
meU(a,B) .4/.

Maximum Mean Discrepancy (MMD) k

° O
o — BI2 2 [ Kz p)d(ae) - BE)dla) - BW) o .g 5
Gaussian: k(z,y) =e~ = 2oy2”2 . Energy distance: k(z,y) = —|z — y|*. or 3@

Sinkhorn divergences |Genevay, Peyré, Cuturi 17 o: "< o
W2,(a,8) min [ ddr +eKL(nla ® o iq

_ »l dﬁf) neld(a,B) f (rla® B) o e 5

Wﬁ,e(@,ﬂ)p < ( 5) ( ’5) 1WP€(&,B)p o1

e—0

Theorem: |Genevay, P, C, 17]  W? («, ) €_>—+>OOX|2|\(; (aﬁf ) for k(x,y) = —
- k

— Scale free (no o, no heavy tail kernel).
Best of both worlds: — Non-Euclidean, arbitrary ground distance.
— cross-validate ¢ — Less biased gradient.

— No curse of dimension (low sample complexity).



Complexity

Theorem: E(\W(&,B) —Wi(a, B8)|) =

1 1.5 2 2.5 3

~ A 1
E(l|a = Blk = [ = Blx]) = O(n72) - e
&, a’))
-1.5% 1
— =0.01
o} |—e=0.1 ]
S
251 1000 d =2 | ’
— ‘
-0.5¢ \
-1 \ i
] —— |
e
e d=5 )
2.5 ‘ ‘




Sample CompleXIty

.
° .
o
. -
LI )
. . .
. .
3 .
. . P
o . . D .
. . . .
P of .
i 3 )

Theorem: E(‘W(@)B) — W(a, B)|) = O(n_%) 12| | |
E(ll6 — Bl — o — Bl =0(m%) "

| 6, )
Optimal transport: suffers from curse of dimensionality. - -5§
— Adapt to support dimensionality [Weed, Bach 2017] 2 —Z"
251 1000 d=2
o5 o \
Open problem: sample complexity of W.? Ny ]
] ——
P f
-2.5

1 1.5 2



Overview

e Csiszar Divergences
e Dual Norms and MMD
e« Minimum Kantorovitch Estimators

 Deep Generative Models Fitting



Deep Discriminative vs Generative Models

| de(2) = p(Ex (... p(&a(p(&a(z) .. .)
Deep networks: go(2) = p(Oxc (. .. p(B(p(61(2) . ..)

N— e’

v P
2 flpgz 0 D 91:092 —
= - P ] —
(‘g ~_ = —
= = 2 £
s 2 < 7z L
5 XL ] | T




Generative Models
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Training Architecture

dg /.\ A
/ \\ _ : 1
> o ®
0 O
1

m@in E(0) = W.(ay, B)

Stochastic gradient descent
) =) — 7,V EL(6)

E(9) = WE (5, X, 90(20), B)



Training Architecture

m@in E(0) = W.(ay, B)

Stochastic gradient descent
) =) — 7,V EL(6)

E(9) = WE (5, X, 90(20), B)




Training Architecture

m@in E(0) = W.(ay, B)

Stochastic gradient descent
0¥ =6\ — 7, VEL(6)

E(9) = WE (5 22 90(21), 6)

randn (c(zi, y5))iy
E i 6o
e B = T
Nﬁ = S """"""""""""
' =] .. g
: P> .
= == E
QJ i B

Generatlve model

Input data




Automatic Differentiation

Setup: £ : R” — R computable in K operations.

def rorwardnn(A,b,2):
X=1]
¥.append (%)
for r in arange(),R):
X.append( xhoF( Alr].doL[(X[x]) + Lile(b[x],[1,2.5hap=[Z]]) ) )
reburm X

Hypothesis: elementary operations (a X b,log(a),+/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?



Automatic Differentiation

Setup: £ : R” — R computable in K operations.

def Forwardnn(A,b,2):
XK=1]
¥.append (%)
for r in arange(),R):
X.append( xhoF{ AJr].dolL([X[z]) + Lile(b[x],[1l,2.5hap=[Z]]) ) )
reburm X

Hypothesis: elementary operations (a X b,log(a),+/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?

VE) ~
K(n+1)

(E(0+8y) — EO),...E(0+26,) — E(0))

perations, intractable for large n.

Finite differences:
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Automatic Differentiation

Setup: £ : R” — R computable in K operations.

def Forwardnni(A,b,2):
X=1]
¥.append (%)
for r in arange(0,R):
X.append( xhoF( Alr].doL(X[x]) + Lile(b[x],[1l,2.5hape[Zl]]) ) )
reburm X

Hypothesis: elementary operations (a X b,log(a),+/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?

VE) ~
K(n+1)

(E(0+8y) — EO),...E(0+26,) — E(0))

perations, intractable for large n.

™M | =

Finite differences:

O

Theorem: there is an algorithm to compute VE in O(K) operations.
[Seppo Linnainmaa, 1970]

del BackwarcNE(A,b,X]:
: : : X = lossCG(X[R..,Y) # inilialize Lhe gradisn
This algorithm is reverse mode | o i ciasesis -1 o) o
. . R . M = rhoG( Alr).dot(X[(r])) + tile(bir].[L.n])) ) * gx
automatic differentiation g% = 2(z).transposc() . dot (H)
Fhlr] - M.cot(X[r).transposc())
ghir] = MakeCol(M.cuomi{axin=1))
return [(gA,qb)




Computational Graph




Computational Graph

Computer program <> directed acyclic graph < linear ordering of nodes (6,.),

computing ¢
function £(61,...,0n)
forr=M+1,...,R (\94_>
‘ 0, = gr(eParents(r)) input gs —> output
return g </ gs _,.

forward




Example

gs

0(01,02) = Ore™ V01 + B¢t

def.

05 = 01 + 04

o

g5
0, = 0

| 06 = /05

ge

203

-

output ¢



Example

0(01,02) = Ore™ V01 + B¢t

o0 = | 950 05 01+ 64 5o 0= /b5

input output ¢

Vs /

Chain rules:

Ok

9x(00)e<k— - On

“Classical” evaluation: forward.
Complexity ~ #inputs.




Example

0001, 65) = 056711/ 01 + et

def.

05 = 01 + 04

96‘ 96 déf' \/9>5

A

q g5
3 \\\\ ////
' g4 0. def. 6,05

-

output ¢

. o 0 900, = g;(60)i<;

o

Ok = gr(00)e<k|—— - On

/

Chain rules:

““a0; S 20"’

00, b t(j)aez- 00,
1 aren \

0ig;(0)

“Classical” evaluation: forward.
Complexity ~ #inputs.

“oon g 00,
B 96, 09
“

0;9x(0)

ol =
/ 7 kechild()
(0

Backward evaluation.

Complexity ~ #outputs (1 for grad).



Backward Automatic Differentiation

0(01,02) = Oae” V01 + B¢t

computing ¢

9 def. 691 g4 0s def. 01 + 0, gg "y def. /_95

g
3 \ /
. o 0, = 0903 i

input output /¢

< computing V/
function V{(01,...,0n)
- function 6(91,,6’]\/_[) = Vel =1
§ forr=M+1,...,R CE forr=R—-1,...,1
:§ ‘ 0, = gr(‘gParents(r)) '%:% VAl = Z 0 (6’) V. /0
return Op < s€Child(r)
return (Vi4,...,V /)




Examples of Image Generation
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o |

ML - = v;u.’ ,";-
‘ ; "dt ’ 4

Léﬁﬁ'

; F 2y

T Ll FE ] 2 8.
CENOKRNCICITE -

Inputs "~ Smalle Largee

— Need to learn the metric c(x,y) = |de(x) — de(y)|P (~ GANSs)
— Performance evaluation of generative models is an open problem.




Progressive Growing of GAN s for Improved Quality, Stability, and Variation
Tero Karras, Timo Aila, Samuli Laine, Jaakko Lehtinen, ICLR 2018
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